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Three  basic  procedures  are  used  to  maximize  the  capa- 
bility of  spectrometers  to  measure  small  amounts  of  optical 
energy.  The  first  is  to  use  the  most  sensitive  detector 
possible.  The  second  procedure  is  to  maximize  the  energy 
collecting  capability  of  the  spectrometer,  the  optical 
throughput.  The  third  is  to  maximize  the  measurement  time. 
One  method  of  increasing  the  measurement  time  is  to  employ 
multiplexing,  a technique  that  allows  energy  of  many  ele- 
ments of  the  spectrum  to  be  simultaneously  collected  onto 
a single  detector.  In  multiplexing,  the  optical  energy  is 
encoded  so  that  the  energy  in  each  spectral  element  can  be 
found  by  decoding  the  detector  signal.  The  energy  in  each 
spectral  element  is  utilized  for  a larger  percentage  of  the 
time  with  a multiplex  spectrometer  than  it  is  by  a spec- 
trometer that  measures  each  spectral  element  sequentially 
in  time.  If  the  dominant  source  of  noise  is  either  the 
detector  or  the  s ignal -process ing  electronics,  multiplexing 
improves  the  capability  of  a spectrometer  to  measure  small 
amounts  of  optical  energy. 

If  either  the  entrance  slit  or  exit  slit  of  a conven- 
tional monochromator  is  replaced  with  an  encoding  mask 
based  on  a Hadamard  matrix,  a multiplex  spectrometer  results. 


This  multiplex  spectrometer  is  referred  to  as  a singly- 
encoded  lladamard  spectrometer.  If  both  the  entrance  and 
exit  slits  of  a conventional  monochromator  are  replaced 
with  encoding  masks  based  on  lladamard  matrices,  a multiplex 
spectrometer  with  an  optical  throughput  greater  than  the 
monochromator  results.  This  spectrometer  is  referred  to  as 
a doubl y- encoded  spectrometer.  The  theory  of  both 
singly  and  doubly-encoded  lladamard  spectrometers  is  given 
in  Appendixes  A,  B,  C,  and  I). 

The  practical  significance  of  the  multiplex  advantage 
of  a singly-encoded  lladamard  spectrometer  is  illustrated  in 
Figure  1.  The  plots  in  this  figure  were  made  using  the 
singly-encoded  lladamard  spectrometer  constructed  for  this 
investigation.  Plot  (a)  was  made  by  operating  the  spectrom- 
eter as  a monochromator,  and  plot  (b)  was  made  by  operating 
the  spectrometer  as  a singly-encoded  lladamard  spectrometer. 
Both  these  plots  are  measurements  of  the  0.5461  -pm  mercury 
emission  line,  where  the  same  observation  time  was  used  for 
both  plots. 

The  effects  of  optical  aberrations  on  the  operation  of 
lladamard  spectrometers  has  been  almost  ignored  in  the 
literature.  The  purpose  of  this  lladamard  investigation  is 
to  prove  that  the  effects  of  optical  aberrations  can  be 
significantly  reduced  by  properly  curving  the  slots  in  the 
lladamard  mask.  It  is  proven  by  using  both  theoretical  and 
experimental  methods  that  the  usable  slot  length  of  a 
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Figure  1.  The  spectrum  of  the  0.5461-pm  mercury  emission 
line  measured  with  the  spectrometer  constructed 
for  this  investigation  operated  (a)  as  a mono- 
chromator and  (b)  as  a singly-encoded  Hadamard 
spectrometer.  The  observation  time  was  the 
same  for  both  plots. 
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representative  lladamard  spectrometer  is  a factor  of  ten 
larger  for  optimally  curved  slots  than  for  straight  slots. 


OBJECTIVES 


Principal  Objective 


The  principal  objective  of  this  Hadamard  spectrometer 
investigation  is  to  prove,  by  using  both  theoretical  and 
experimental  methods,  that  the  optical  throughput  of  a 
Hadamard  spectrometer  can  be  made  significantly  larger  with 
curved  slots,  all  of  which  have  the  same  curvature,  than 
with  straight  slots. 

Secondary  Objectives 

The  secondary  objectives  of  this  investigation  are  the 
following: 

|r 

(1)  Provide  engineering  guidelines  for  the  optimization 
of  the  slot  curvature  of  Hadamard  spectrometers. 

V 

(2)  Derive  t ransverse- aberrat ’ on  expressions  for  the 
Czerny-Turner  optical  system. 

(3)  Demonstrate  the  practicality  of  using  the  Hadamard 
spectrometer  to  make  spectral  measurements. 
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BACKGROUND  AND  REVIEW  OF  LITERATURE 


The  basic  principles  of  Madamard  spectroscopy  are  de- 
scribed in  Appendixes  A and  B.  In  these  appendixes,  it  is 
shown  how  the  capability  of  dispersive  spectrometers  to 
measure  low-energy  spectra  can  be  increased  by  encoding 
the  optical  energy  passing  through  them  according  to  codes 
based  on  Hadamard  matrices.  The  use  of  encoding  masks  to 
improve  the  measurement  capability  of  dispersive  spectrom- 
eters to  measure  low-energy  spectra  was  first  demonstrated 
by  Golay  [1949].  He  proposed  a method  of  encoding  the 
energy  passing  through  N entrance  slits  and  N exit  slits 
using  sinusoidal  modulation. 

Golay  compared  his  method  with  the  encoding  method 
that  was  being  developed  at  that  time  by  Fellgett  [1951], 
who  used  an  interferometer  to  sinusoidally  encode  the  opti- 
cal radiation.  Fellgett  pointed  out  that  for  the  infrared 
spectral  region  his  interferometric  measurement  method  had 
a s igna 1 - to -noi se  ratio  advantage  over  spectrometers  that 
measure  the  spectral  elements  sequentially  in  time.  This 
advantage  is  often  referred  to  as  the  multiplex  advantage 
[ Vanasse  and  Sakai , 1967].  Golay  argued  that  his 
s inusoidal -modulat i on  encoding  method  would  give  a 


dispersive  spectrometer  the  multiplex  advantage  as  well  as 
increase  its  optical  throughput. 

However,  Colay  did  not  find  it  practical  to  construct 
a spectrometer  to  implement  his  sinusoidal-modulation 
encoding  technique.  Instead,  he  demonstrated  a binary- 
modulation  encoding  technique  that  increased  the  optical 
throughput  but  did  not  have  the  multiplex  advantage.  Colay 
implemented  his  b i nary -modul a t i on  encoding  method  by  re- 
placing the  entrance  and  exit  slits  with  revolving  encoding 
masks  . 

Although  Colay  did  not  mention  it,  his  binary  encoding 
functions  are  related  to  Hadamard  matrices,  and  -perhaps 
Hadarnard  spectroscopy  should  be  considered  to  date  back  to 
the  work  of  Colay.  His  method  of  forming  higher  order  codes 
by  iterating  the  pattern 


0 0 
0 1 

is  basically  the  Kronecker-product  method  [ Harmuth , 1972] 
of  forming  higher  order  Hadamard  matrices  from  the  basic 

" 1 1 " 

.1  -1  . 

Hadamard  matrix. 

Golay  [1951]  also  showed  that  if  the  proper  pseudo- 
random encoding  masks  and  two  detectors  are  used,  the 
throughput  can  be  increased  without  requiring  encoding 
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mask  motion.  He  referred  to  spectrometers  using  this  tech- 
nique as  static  multislit  spectrometers.  The  basic 
principle  of  static  multislit  spectrometers  can  be  sum- 
marized in  the  following  manner.  At  the  desired  wavelength 
the  path  to  one  detector  is  relatively  unobstructed  while 
the  path  to  the  other  detector  is  completely  obstructed, 
for  the  undesired  wavelengths  the  paths  to  both  detectors 
are  equally  obstructed.  Thus,  the  difference  between  the 
signals  from  the  two  detectors  is  a measure  of  the  desired 
wavelength.  The  spectrum  is  scanned  by  rotating  the  dis- 
persive element. 

About  a decade  after  Go 1 ay  proposed  the  static  multi- 
slit spectrometer,  Girar'd.  [I960,  1963]  introduced  his  grill 
spectrometer,  which  also  depended  on  encoding  to  increase 
the  throughput  of  a dispersive  spectrometer.  From  today's 
perspective  it  is  apparent  that  Girard’s  grill  spectrometer 
is  just  another  implementation  of  the  basic  principle  of 
Golay's  static  multislit  spectrometer  using  a different 
encoding  pattern.  Originally  Girard's  encoding  masks  were 
one -d  imens i onal  Fresnel  zone  plates,  but  he  subsequently 
used  two-dimensional  hyperbolic  zone  plates.  Despain  and 
Vanasse  [1972]  have  pointed  out  the  close  similarity  be- 
tween Girard's  hyperbolic  zone  plates  and  a two-dimensional 
pattern  of  sal  functions.  Sal  functions  are  the  Walsh 
functions  of  odd  symmetry  [ Harmuth , 1972].  The  letter  a 
is  used  in  the  acronym  to  indicate  that  there  is  a simi- 
larity between  sal  functions  and  the  sine  function,  while  al 
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indicates  that  sal  functions  are  a subset  of  Walsh  functions. 
Since  Hadamard  matrices  can  be  formed  from  Walsh  functions 
\Harmuth,  1972],  there  is  a close  similarity  between 
Hadamard  spectrometers  and  grill  spectrometers  using  hyper- 
bolic zone  plates. 

The  grill  spectrometer  can  also  be  thought  of  as  a 
spectrometer  that  forms  a con vo 1 ut i on  - type  transform  of  the 
spectrum  along  the  plane  of  the  exit  mask  [Mertz,  1965]. 

The  exit  mask  is  simply  an  e lec t ro - mechani ca 1 means  of  re- 
covering one  spectral  component.  Information  about  all 
spectral  components  is  present  in  the  exit  mask  plane;  and 
if  the  spatial  energy  distribution  in  this  plane  were  re- 
corded for  subsequent  inversion,  the  multiplex  advantage 
could  be  realized.  However,  this  procedure  has  never  been 
implemented. 

Mertz  [1965]  showed  that  it  is  possible  to  use  encoding 
techniques  to  both  increase  the  throughput  of  a dispersive 
spectrometer  and  to  give  it  the  multiplex  advantage  when  he 
introduced  his  Mock  interferometer.  The  Mock  interferometer 
is  a dispersive  spectrometer  with  the  entrance  and  exit 
slits  replaced  with  rotating  Ronchi  rulings.  If  the  two 
masks  are  rotated  together  at  a speed  proportional  to  the 
sine  of  the  rotation  angle,  each  wavelength  is  modulated  at 
a different  frequency.  The  spectrum  is  recovered  by  mathe- 
matical inversion. 

The  first  specific  mention  of  Hadamard  matrices  in 
connection  with  encoding  an  optical  spectrum  seems  to  have 
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been  made  by  Ibbett,  Aspinall  and  Grainger  [1968].  They 
suggested  using  N encoding  masks  based  on  an  i/y+1)  x ( /v+ 1 ) 
lladamard  matrix  to  encode  N spectral  elements.  Their  code 
was  derived  from  a lladamard  matrix  by  replacing  l's  with 
0's  and  -l's  with  l's  and  then  deleting  the  first  row  and 
column.  Each  row  of  the  resulting  matrix  corresponded  to 
an  encoding  mask  with  a 0 representing  an  opaque  area  and 
ala  transmitting  area.  They  pointed  out  both  the  mech- 
anical advantage  of  a multiplex  techniuue  that  uses  a 
dispersive  spectrometer  instead  of  an  interferometer  and 
the  mathematical  advantage  of  a data  inversion  process 
requiring  only  additions  and  subtractions  that  can  lie  imple- 
mented in  real  time.  The  major  limitation  of  the  method  is 
the  requirement  for  N masks  to  encode  /V  spectral  elements. 

At  approximately  the  same  time  that  Ibbett,  Aspinall, 
and  Grainger  reported  their  work,  Gottlieb  [1968]  suggested 
a multiplexing  scheme  for  detector-noi se- 1 imi ted  television 
systems.  Gottlieb's  method  used  codes  based  on  pseudo- 
noise sequences  [Baumert,  1964 |,  often  referred  to  as  PN 
sequences  or  pseudo- random  binary  sequences.  The  major 
advantage  of  Gottlieb's  method  over  the  method  of  Ibbett, 
Aspinall,  and  Grainger  is  that  only  one  mask  with  2N-\ 
slots  is  required  to  encode  N elements.  However,  as  shown 
in  Appendix  C,  PN  sequences  are  trivially  related  to 
lladamard  matrices.  Gottlieb  formed  code  words  from  the 
PN  sequence  by  replacing  +l's  with  l's  and  -l's  with  0's, 
where  l's  and  0's  represent  transparent  and  opaque  mask 
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areas,  respectively.  He  showed  that  his  mul t ipl ex ing 
method  yields  a gain  of  approximately  t A^/8,  over  an  unmulti- 
plexed system.  lie  also  showed  that  the  same  results  are 
obtained  regardless  of  whether  the  mask  is  moved  in  a 
stepped  or  continuous  fashion. 

A few  months  after  Ibhett,  Aspinall  and  Grainger  pub- 
lished their  encoding  method,  Decker  and  Harwit  [1968] 
published  a similar  encoding  scheme  for  dispersive 
spectrometers.  However,  Decker  and  Harwit  did  not  specifi- 
cally use  a Hadamard  code.  Instead  they  proposed  that  the 
N spectral  elements  be  considered  as  N unknowns  that  could 
be  recovered  from  N independent  equations.  The  N indepen- 
dent equations  would  be  determined  from  N measurements 
taken  with  N encoding  masks. 

The  following  year  Gloane  et  al.  [1969]  published  a 
comparison  of  the  noise  in  the  recovered  spectrum  for  three 
codes  based  on  Hadamard  matrices.  They  identified  the 
matrices  representing  these  codes  as  //  , G , and  s . These 
three  codes  are  discussed  extensively  in  Appendixes  A and  B, 
where  these  matrices  are  identified  as  the  H , G , and  s 
matrices.  Sloane  et  al . pointed  out  the  conditions  under 
which  the  matrices  G and  S can  be  made  cyclic.  They 
pointed  out  that  cyclic  codes  are  particularly  advantageous, 
since  they  can  be  implemented  with  a single  mask  containing 
27V- 1 slots  instead  of  requiring  N masks  each  with  N slots 

7 

for  a total  of  N slots.  They  emphasized  the  reduced 
instrument  fabrication  cost  that  should  result  from  using 
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cyclic  codes.  The  introduction  of  cyclic  codes  was  an 

important  advancement,  since  these  codes  make  it  possible 

to  multiplex  a large  number  of  spectral  elements  with  a 

simple  and  compact  Hadamard  spectrometer, 
s 

Sloane  et  al.  compared  the  effectiveness  of  these 
three  codes  by  computing  the  total-mean-square  error  in  the 
recovered  spectrum.  The  definition  of  total -mean- squa re 
error  is  given  in  Appendix  B.  The  total -mean-square  error 
is  a measure  of  the  error  in  the  entire  spectrum.  This  is 
a different  method  of  expressing  the  error  or  noise  than 
that  used  in  Appendix  A,  where  the  noise  associated  with  an 
individual  spectral  element  is  computed.  However,  the  com- 
putations of  Appendix  A are  reconciled  with  those  of  Sloane 
et  al.  in  Appendix  B.  Thus,  in  both  Appendixes  A and  B the 
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multiplex  advantage  for  the  codes  identified  by  the  H , G , 
and  Sl  matrices  are  shown  to  be  /N  , /W/2,  and  /n  / 2, 
respectively.  The  S -matrix  code  has  a multiplex  gain  that 
is  a factor  of  two  greater  than  the  /WT B gain  of  the 
Gottlieb  code.  Gottlieb's  code  is  formed  from  the  G1  matrix 
by  replacing  +l's  with  l's  and  -l's  with  0's. 

| Sloane  et  al . suggested  that  the  codes  G and  H could 
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be  implemented  with  masks  consisting  of  reflecting  and 
transmitting  segments.  Since  infrared  detectors  usually 
, require  chopped  radiation,  the  chopper  could  chop  between 

l 

\ transmitted  and  reflected  radiation.  They  also  suggested 

using  a stationary  slit  together  with  a cyclic  mask  to 

m 

implement  the  H code.  However,  apparently  no  one  has  yet 
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constructed  a lladamard  spectrometer  with  a reflecting  and 
transmitting  mask.  All  lladamard  spectrometers  constructed 
to  this  date  have  implemented  the  .9  code,  which  requires 
masks  consisting  of  transparent  and  opaque  areas. 

Nelson  and  F'redman  [19  70  J have  summarized  the  basic 
theory  of  lladamard  spectrometers  that  use  a single  encoding 
mask.  Appendixes  C and  1)  and  the  section  on  s ingly- encoded 
lladamard  spectrometers  in  Appendix  A are  amplifications  of 
their  paper . 

The  first  cyclic  s ing ly - encoded  Hadamard  spectrometer 
appears  to  have  been  a 19- slot  unit  constructed  by  Decker 
[1970],  Decker  [1970]  also  reported  construction  of  a 
255-slot  s ing  1 y - encoded  lladamard  spectrometer.  Using  this 
255-slot  lladamard  spectrometer,  he  later  [ Decker , 1971]  re- 
ported experimental  verification  of  the  multiplex  advantage. 

Graauw  and  Veltman  [1970]  constructed  a solar-eclipse 
spectrometer  that  multiplexed  255  spectral  elements  using 
an  encoding  pattern  based  on  a pseudo- random  binary 
sequence.  As  stated  previously,  pseudo- random  sequences 
are  trivially  related  to  lladamard  matrices.  Since  the  spec- 
trometer was  used  in  the  visible  spectral  region  with  photo- 
multiplier tubes,  it  did  not  have  the  multiplex  advantage. 
Multiplexing  was  used  only  because  it  made  possible 
increased  temporal  resolution  (40  msec).  The  temporal  reso- 
lution was  achieved  by  locating  255  masks  on  a rapidly 
rotating  cylinder. 
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As  shown  herein,  the  optical  system  must  he  carefully 
selected  so  that  the  length  of  the  slots  can  he  maximized. 

It  appears  that  the  first  liadamard  spectrometer  with  a 
usable  slot  length  long  enough  to  provide  a practical 
measurement  advantage  over  an  optimized  monochromator  was 
constructed  by  Hansen  and  Strong  [1972].  Their  high  reso- 
lution (0.1  cm"^)  infrared  liadamard  spectrometer  encoded 
127  spectral  elements  using  12  mm  long  slots.  In  order  to 
attain  this  slot  length,  they  used  an  on-axis  configuration 
using  an  echelle  grating,  an  infrared  achromatic  lens,  and 
an  image  slicer. 

Ware  [1973]  showed  that  if  the  spectrum  varies  during 
the  time  that  the  required  N liadamard  encoded  measurements 
are  taken,  serious  errors  in  the  recovered  spectrum  result. 
He  showed  that  these  errors  result  because  the  rows  of  the 
S matrix  are  not  orthogonal.  He  also  proved  that  for  the 
H matrix  code  the  recovered  spectrum -is  the  mean  value  of 
the  changing  spectrum. 

Harwit  et  al . [1970]  proposed  replacing  both  the 

entrance  and  exit  slits  with  liadamard  encoding  masks  in 
order  to  increase  the  throughput.  They  called  such  spec- 
trometers doubly  multiplexed  dispersive  spectrometers, 
but  these  spectrometers  are  better  described  as  doubly- 
encoded  dispersive  spectrometers.  The  theory  of  doubly- 
encoded  spectrometers  is  given  in  Appendixes  A and  B. 

They  showed  that  if  N entrance  and  N exit  slots  are  used, 
that  N spectra,  one  for  each  entrance  slot,  can  be  recovered 
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from  /V  measurements.  They  also  pointed  out  that  there  are 
only  2/V-l  spectral  elements  and  that  the  s i gnal - 1 o - no i se 
ratio  can  he  improved  by  adding  all  the  estimates  of  each 
spectral  element.  As  shown  in  Appendix  B,  calculations  show 
that  if  this  is  done,  a doubly-encoded  Hadamard  spectrometer 
has  a s i gna 1 - to-noi se  ratio  gain  proport i onal  to  N over  a 
conventional  monochromator.  llarwit  et  al.  also  pointed  out 
that  the  2/V-l  spectral  elements  can  be  recovered  from  2/v-l 
measurements;  however,  they  were  unable  to  give  a simple 
rule  for  specifying  the  particular  2A'-1  measurements  to 
take . 

Sloane  | 19  70  | used  a computer  to  search  for  sets  of 
2/V-l  measurements  that  yield  2/v-l  independent  equations  in 
the  2/v-l  unknown  spectral  elements.  In  general,  there  are 
many  possible  sets  for  each  /v,  and  the  noise  properties  of 
each  set  must  be  independently  calculated.  Sloane  published 
sets  of  measurements  for  N = 3,  7,  11,  and  15;  however,  the 
value  of  any  encoding  technique  depends  on  the  noise  in  the 
recovered  spectrum.  As  shown  in  Appendix  A,  Sloane's  set  of 
measurements  for  N - 7 yields  an  average  s i gna 1 - to -noi se 
ratio  gain  over  a conventional  monochromator  of  1.2,  com- 
pared with  1.8  for  a s ing 1 y - encoded  Hadamard.  It  is  shown 
in  Appendix  A that  the  noise  for  4 of  the  13  spectral  ele- 
ments is  actually  worse  for  the  doubly-encoded  Hadamard  than 
for  the  monochromator.  Phillips  and  Havwit  [1970]  recovered 
a spectrum  with  a laboratory  prototype  using  Sloane's  set 
of  2/V-l  measurements  for  N-l.  The  author  has  also  used  a 
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computer  to  search  for  linearly  independent  sets  of  2/1/- 1 
equations,  but  he  has  not  found  a set  that  yields  a signal  - 
to-noise  ratio  significantly  better  than  a singly-encoded 
Hadamard  spectrometer. 

Laboratory  spectra  taken  with  a doubly -encoded  Hadamard 
spectrometer  with  19  entrance  slots  and  19  exit  slots  have 
been  reported  by  Philli]>s  and  Hnrwit  |1971  ].  They  recovered 
spectra  of  each  of  the  19  entrance  slots  and  then  summed 
these  19  spectra.  This  same  spectrometer  was  later  used  by 
Phillips  and  Briotta  | 1974 | to  take  spectra  of  the  atmos- 
pheres of  the  lia r th  and  of  Jupiter.  However,  measurements 
of  the  atmosphere  of  Jupiter  were  taken  with  only  three  en- 
trance slots,  and  those  of  the  liarth's  atmosphere  were  taken 
with  a single  entrance  slit. 

The  doubly-encoded  Hadamard  spectrometer  provides  a 
spectrum  for  each  individual  entrance  slit.  The  information 
in  these  spectra  may  also  be  displayed  as  one -d i mens i ona 1 
images  in  each  of  the  spectral  clement  wavelengths.  In 
order  to  provide  two-dimensional  spectral  images,  Havwit 
[1971]  proposed  folding  the  one-dimensional  entrance  mask 
into  a two-dimensional  cyclic  Hadamard  mask.  Since  the  re- 
sulting instrument  provides  images  at  the  wavelengths  of 
each  of  the  spectral  elements,  he  called  this  instrument  a 
spectrometric  imager.  Two-dimensional  masks  based  on 
cyclic  Hadamard  matrices  had  been  proposed  earlier 
[ Gottlieb , 1968],  but  Harwit  [1971]  showed  that  it  is  pos- 
sible to  encode  mp  spatial  elements  with  an  entrance  mask 
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containing  only  (2m-l)(2p-l)  elements  if  mp+l  is  a multiple 
of  4 ,p  = m+2,  and  both  p and  m are  prime  numbers. 

Gottlieb's  method  required  an  entrance  mask  containing 
m(mp+p-l)  elements.  Ilarwit  also  pointed  out  that  his  spec- 
trometric  imager  can  be  described  using  mathematics  identical 
in  form  to  the  mathematics  used  to  describe  the  doubly- 
encoded  lladamard  spectrometer.  The  spectrometric  imager 
can  also  display  the  spectrum  for  each  point  on  the  object 
imaged  on  the  entrance  mask.  Later,  Havwit  [1973]  described 
a spectrometric  imager  prototype  with  63  two-dimensional 
spatial  elements  and  15  spectral  elements. 

There  has  been  much  controversy  about  the  relative 
merits  of  lladamard  and  Fourier  spectrometers  [Hirschfeld  and 
Wyntjes , 1973,  1974;  Decker  1974J.  Throughout  this  contro- 
versy it  has  been  assumed  that  the  doubly-encoded  Hadamard 
has  an  encoding  gain  over  a monochromator  proportional  to 
the  number  of  entrance  slots.  Although  a method  of  doubly- 
encoding  a Hadamard  spectrometer  so  that  it  has  this  gain 
may  exist,  the  best  encoding  methods  proposed  to  this  date 
provide  a gain  proportional  to  the  square  root  of  the  number 
of  entrance  slots.  The  encoding  gain  for  doubly- encoded 
lladamard  spectrometers  is  discussed  in  Appendixes  A and  B. 

Wyatt  and  Er.plin  [ 19  7 4 | have  pointed  out  that  for  some 
detectors  the  s igna 1 - to -no i sc  ratio  of  doubly-encoded 
lladamard  spectrometers  is  less  than  it  is  for  s ingly  - encoded 
lladamard  spectrometers. 
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Harwit  et  al . [1974]  introduced  two  methods  for  doubly 

encoding  lladamard  spectrometers  that  require  only  N measure- 
ments to  recover  N spectral  elements.  However,  these  are 
not  optimal  codes  since,  as  shown  in  Appendix  B,  they  im- 
prove the  performance  of  the  doubly-encoded  lladamard  over  a 
singly-encoded  lladamard  case  by  a factor  of  /M/2  instead  of 
M/2,  where  M is  the  number  of  entrance  slots.  As  shown  by 
Equation  (A-32)  in  Appendix  A,  this  is  the  same  improvement 
given  by  the  method  requiring  MN  measurements  and  summing 
all  the  estimates  of  each  wavelength.  However,  since  these 
two  encoding  schemes  of  llarwit  et  al.  require  only  as  many 
measurements  as  there  are  spectral  elements,  the  problems 
pointed  out  by  Wyatt  and  Esplin  do  not  apply,  since  a mono- 
chromator must  also  make  the  same  number  of  measurements. 

Tai  et  al . [1975a]  introduced  a real-time  algorithm  to 

recover  the  spectra  for  each  entrance  slot  of  a doubly- 
encoded  lladamard.  They  used  the  same  instrument  used  by 
llarwit  et  al.  [1974  ].  For  15  entrance  and  255  exit  slots 
their  algorithm  took  13  minutes  on  a minicomputer  to 
complete  a run. 

Tai  et  al . [1975b]  presented  an  analysis  of  the  spec- 

tral errors  resulting  when  the  transparent  areas  of  the 
mask  are  either  all  too  wide  or  all  too  narrow.  In  both 
cases  they  have  shown  that  a single  line  is  recovered  as  a 
line  plus  four  small  blips.  They  considered  this  to  be  an 
impulse  response  and  showed  that  the  response  to  an  arbi- 
trary spectrum  could  be  computed  using  it. 
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Hadamard  spectroscopy  has  been  summarized  and  compared 
with  other  mult  iplex  techniques  by  Va.na.8se  [ 19  7 2 | . Decker 
[1977]  has  written  a summary  of  Hadamard  spectroscopy. 

Three  publications  that  mention  using  curved  slots 
with  Hadamard  spectrometer  were  found.  Esplin,  Shipley  and 
fluppi  [1975]  have  reported  infrared  spectra  taken  using 
curved  slots  with  the  Hadamard  spectrometer  that  is  anal- 
yzed in  greater  depth  herein.  Swift  et  al . [1976]  con 

structed  an  imaging  Hadamard  spectrometer  that  used  curved 
slots.  Decker  [1977]  described  the  spectrometer  constructed 
by  Swift  et  al. 

For  both  prism  and  grating  instruments  the  images  of 
an  array  of  straight  slots  are  curved.  Colay  considered 
this  when  he  constructed  his  spectrometers.  For  example, 
in  introducing  the  dynamic  multislit  spectrometer  [ Golay , 
1949],  he  indicated  that  he  had  to  shorten  the  effective 
slit  height  from  the  13  mm  used  for  a single  slit  to  8 mm 
for  his  64-slit  arrangement  because  he  said  there  was  no 
correction  made  for  slit  curvature.  In  fabricating  the 
static  multislit  spectrometer,  Golay  [1951]  had  his  mask 
slots  painstakingly  shaped  to  correct  for  slit  curvature. 

Randall  and  Firestone  [1938]  showed  that  in  a grating 
spectrograph  with  a straight  entrance  slot  the  lateral 
displacement  of  an  image  point  from  a straight  line  (slit 
curvature)  is  proportional  to  the  square  of  the  distance 
above  or  below  the  optical  axis.  A few  years  later 
Minkowski  [1942],  apparently  unaware  of  the  work  of  Randall 


and  Firestone,  gave  an  analytical  derivation  of  this 
relationship.  James  and  Sternberg  [1969]  have  also  given 
a derivation  for  slit  curvature. 

Fastie  [1952a,  1952b,  1953]  reintroduced  Fbert's  mono- 
chromator and  showed  that  with  this  configuration  the 
effects  of  slit  curvature  could  be  completely  neutralized 
by  using  curved  entrance  and  exit  slits  with  radii  equal  to 
the  distance  from  the  slit  to  the  optical  center  line.  In 
addition,  he  showed  that  this  arrangement  partially  neutra- 
lizes the  effects  of  astigmatism,  since  the  astigmatic 
line  images  of  a point  are  formed  tangent  to  the  exit  slit. 
Rupert  [1952],  a contemporary  of  Fastie  at  .John  Hopkins 
University,  published  a paper  giving  expressions  to  compute 
the  curvatures  required  for  the  entrance  and  exit  slits  of 
grating  monochromators. 

In  a doub 1 y - encoded  spectrometer  the  imaging  of  an 
extended  source  must  be  considered.  Lavs  [1962]  derived  an 
expression  giving  the  distortion  of  an  extended  monochro- 
matic image.  He  showed  that  lateral  aberrational  displace- 
ment is  proportional  to  the  square  of  the  distance  between 
the  object  point  and  the  optical  axis.  Girard  [1963] 
corrected  for  distortion  in  his  grill  spectrometer  (a 
doubly-encoded  spectrometer)  by  using  a photograph  of  the 
entrance  grill  as  imaged  by  the  spectrometer  as  his  exit 
mask.  Tinsley  [1966]  neutralized  the  effects  of  astigmatism 
and  distortion  in  his  grill  spectrometer  by  using  an  Fbert 
configuration  with  a c i rcul ar ly - symme t r ic  grill  pattern. 
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Mevtz  [1965]  used  an  ingenious  method  to  correct  line  cur-  ; 

vature  and  varying  lateral  magnification  in  his  Mock  inter- 
ferometer (a  doub ly - encoded  spectrometer).  His  technique 
is  similar  to  a field  compensation  technique  commonly  used 
with  Michelson  interferometers  [ Bou  ‘hereine  and  Connes, 

1963]  . He  used  a prism  in  front  of  the  grating  in  his 
Littrow  system  so  that  the  vertical  image  as  seen  through 
the  prism  is  normal  to  the  Littrow  axis. 
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riH-ORY  01-  ABERRAT I ON  NEUTRALIZATION 


HIR0UC.I1  Till;  1 1 S 1 . OF  CURVED  SLOTS 


As  can  he  seen  from  the  description  of  Hadamard  spec- 
trometer theory  given  in  Appendix  A,  a Hadamard  spectrom- 
eter will  function  properly  only  if  the  spectral  images  of 
each  entrance  slot  are  approximately  the  same  size  and 
shape  as  the  exit  slots.  The  size  and  shape  of  the  spec- 
tral images  of  an  entrance  slot  depend  on  the  size  and 
shape  of  the  entrance  slot  and  on  the  imaging  properties  of 
the  spectrometer  optics.  Ideal  Hadamard  spectrometer 
optics  would  form  spectral  images  with  the  same  shape  as 
the  entrance  slot.  The  spectral  images  formed  by  ideal 
spectrometer  optics  need  not  he  the  same  size  as  the  en- 
trance slot;  that  is,  ideal  spectrometer  optics  can  intro- 
duce magnification.  Magnification  can  be  neutralized  by 
making  the  entrance  and  exit  slots  differ  in  size  by  the 
magnification  factor.  Practical  Hadamard  spectrometer 
optics  will  not  form  spectral  images  which  are  exact  scaled 
replicas  of  the  entrance  slot;  the  spectral  images  will  be 
degraded  by  optical  aberrations.  These  aberrations  in- 
crease as  the  encoded  areas  at  the  entrance  and  exit  masks 
increase.  Thus,  the  size  that  these  encoded  areas  can  be 
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is  limited  by  optical  aberrations.  The  theoretical  compu- 
tations reported  herein  prove  that  this  aberration  limita- 
tion can  be  partially  neutralized  by  using  curved  rather 
than  straight  slots. 

The  degree  to  which  the  aberration  limitations  can  be 
neutralized  through  the  use  of  curved  slots  was  investiga- 
ted by  analyzing  a representative  Hadamard  spectrometer 
design.  A s i ngl y -encoded  Hadamard  spectrometer  design  that 
uses  the  optical  system  of  the  Czerny-Turner  spectrograph 
was  selected  as  the  representative  Hadamard  spectrometer 
design.  The  optical  system  of  the  Czerny-Turner  spectro- 
graph is  shown  schematically  in  Figure  2.  The  disperse- 
encode-dedisperse  type  of  singly-encoded  spectrometer, 
which  is  defined  in  Appendix  A,  was  selected  for  analysis. 
This  analysis  was  conducted  using  both  analytic  and  numeri- 
cal ray-tracing  procedures.  The  results  of  this  analysis 
showed  that  the  use  of  curved  rather  than  straight  slots 
significantly  reduces  the  aberration  limitation. 

Description  of  the  Representative  Hadamard  Spectrometer 

The  Hadamard  spectrometer  model  305-HS  of  Minuteman 
Laboratories,  Inc.,  optimized  for  a central  wavelength  of 
11.5  pm,  was  selected  as  the  representative  Hadamard 
spectrometer.  The  theoretical  performance  of  this  spectrom- 
eter when  equipped  with  straight  slots  and  also  when 
equipped  with  curved  slots  was  computed.  The  optical 
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system  of  this  spectrometer  which  is  a modification  of  a 
Czerny-Turner  spectrograph  is  shown  schematically  in 
figure  3.  As  can  he  seen  from  this  figure,  dedispersion 
is  accomplished  by  using  two  plane  mirrors  to  redirect  the 
encoded  optical  energy  hack  through  the  spectrometer  optics 
The  plane  mirrors  contribute  no  aberrations;  they  simply 
fold  the  optical  path.  Therefore,  the  simpler  optical  sys- 
tem shown  in  Figure  4 was  used  in  the  theoretical  invest iga 
tion  of  aberration  neutralization  through  the  use  of  curved 
slots.  The  basic  optical  parameters  of  the  Minuteman 
Hadainard  spectrometer  are  identified  in  Figure  4,  and  their 
values  are  tabulated  in  Table  1.  The  ray  segment  B strikes 
the  center  of  the  grating.  Since  the  grating  is  the  aper- 
ture stop  of  this  optical  system,  the  ray  with  segments  A 
and  B is  the  principal  ray.  The  ray  segments  C and  D are 
for  the  wavelength  of  the  central  spectral  element.  The 
point  P is  at  the  center  of  the  field  stop.  The  lengths  of 
ray  segments  A and  D equal  the  meridional  focal  lengths  of 
the  spherical  mirrors  1 and  2,  respectively.  The  values  of 
A and  D tabulated  in  Table  1 were  computed  using  Hqua- 
t i on  (F-6)  in  Appendix  F.  The  reference  line  identified  in 
Figure  4 is  the  direction  of  the  grating  normal  which 
causes  the  zero-order-diffraction  ray  to  strike  the  point  F 
Since  for  the  ze ro - orde r- d i f f rac t ion  ray  the  grating  acts 
like  a mirror,  the  angle  Oj  must  equal  0 2 . The  angles  a 
and  b in  Figure  4 are  the  angles  of  incidence  and 
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Figure  4. 


The  optical  system  used  for  the  theoretical 
analys  i s . 
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Table  1.  Values  of  the  optical  parameters  of  the  Minuteman  Model  305-HS 

Hadamard  spectrometer  optimized  for  a central  wavelength  of  11.5  pm. 
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diffraction  at  the  diffraction  grating.  Since  Oj  equals  02, 
it  follows  from  Figure  4 that 

P = « + 20j  . (1) 

The  angle  0 is  referred  to  as  the  grating  rotation  angle. 
From  Figure  4, 


0 


G 


a + 0 , 


(2) 


It  is  proven  in  Appendix  G that  radiation  of  wavelength  A 
will  he  directed  to  point  P when 


sin  0^ 


k A 

2d  cosfl  i 


(3) 


where  k is  the  diffraction  order  and  d is  the  distance  be- 
tween the  grating  rulings.  This  equation  can  he  used  to 
compute  the  required  grating  rotation  to  place  a particular 
wavelength  in  the  central  spectral  clement.  When  A is  ex- 
pressed in  microns  and  0.  and  d have  the  values  given  in 
Table  1,  Equation  (3)  reduces  to 

sin  0r  = 4.5766  x 10  ^ k\  . (4) 

The  values  of  o^,  a,  and  p computed  from  Equations  (4), 

(2),  and  (1),  respectively,  for  k equal  to  unity  and  A 
equal  to  11.5  um  are  tabulated  in  Table  2. 
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Table  2.  Values  of  selected  angles  when  k equals 
unity  and  A equals  11.5  pm. 


Ang  le 

Description 

Degrees 

Crating  rotation  angle 

31 . 757 

a 

Angle  of  incidence 

21.257 

6 

Angle  of  diffraction 

42.257 

Analytic  lixpress i ons  for  the  Optical  Aberrations 
of  the  Representative  I ladama  rd  Spec t rome  te  r 

Since  the  representative  lladainard  spectrometer  uses  a 
Czerny-Turner  configuration,  the  aberration  expressions 
given  in  this  section  can  he  used  for  any  lladamard  spectrom- 
eter using  the  Czerny-Turner  configuration.  Two  basic 
types  of  aberration  expressions  are  given.  The  first  type 
describes  the  image  of  a point  object.  Aberrations  of  this 
type  are  spherical  aberration,  coma,  astigmatism,  and  field 
curvature.  The  second  type  describes  the  difference  be- 
tween the  shape  of  the  entrance  slit  and  its  image.  This 
second  type  of  aberration  is  commonly  referred  to  as  dis- 
tortion when  describing  optical  systems.  However,  when 
describing  dispersive  spectrometers,  this  aberration  is 
often  called  specti um  line  curvature. 
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It  has  been  common  practice  to  express  the  aberrations 
of  grating  spectrometers  in  terms  of  optical -path- length 
variations,  since  Beutler  |1945|  derived  opt ical -path- 
length  expressions  for  the  aberrations  of  the  concave 
grating.  If  the  variation  in  the  optical  path  length  is  on 
the  order  of  the  wavelength  of  the  optical  radiation,  this 
method  of  describing  the  optical  aberrations  is  very  useful. 
For  example,  if  the  path  length  variation  is  less  than  a/4, 
where  A is  the  wavelength,  the  aberration  is  insignificant 
relative  to  the  effects  of  diffraction.  This  is  the  well 
known  Rayleigh  criteria  [Born  and  Wolf , 1965]  for  diffraction- 
limited  imaging.  If  the  variation  in  the  optical  path 
length 'is  significantly  larger  than  A/4,  the  image  of  a 
point  is  essentially  determined  by  the  aberrations.  The 
effect  of  an  aberration  on  the  width  and  length  of  the  image 
of  a point  is  best  described  by  expressing  the  aberration  as 
a transverse  aberration  | Welford,  1974].  Transverse- 
aberration  descriptions  are  more  useful  than  path-length- 
variation  descriptions  for  analyzing  Hadamard  spectrometers 
because  the  degree  to  which  the  image  is  formed  within  one 
slot  width  can  be  directly  ascertained  from  the  transverse 
aberration  description.  Transverse- aberration  expressions 
for  the  spherical  aberration,  coma,  and  astigmatism  of  the 
Czerny-Turner  configuration  were  derived  by  converting  the 
pa t h - 1 ength - va r i at  ion  expressions  of  Lindblom  [1972]  into 
transverse-aberration  expressions. 
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Conversion  of  path-length  va r i a t i on 
expressions  int o t ransve r s e 
aberration  expressions 

The  path-length  function  used  to  derive  path- length- 
variation  expressions  is  an  analytic  expression  for  the 
optical  path  length  between  an  object  point  and  its  image. 
This  function  is  also  known  as  the  point  characteristic 
function  [Born  and  Wolf , 1965).  This  functions  is  analo- 
gous to  a potential  function  because  the  optical  aberra- 
tions can  be  ascertained  by  differentiating  this  function. 
The  point  characteristic  function  is  closely  related  to 
the  wavefront  aberration.  As  shown  by  Welford  [1962], 

W = NR  - F (5) 

where  W is  the  wavefront  aberration,  F is  the  point  charac- 
teristic function,  N is  the  index  of  refraction,  and  R.  is 
the  radius  of  the  reference  sphere.  The  commonly  used 
value  for  R is  the  distance  from  the  image  point  to  the 
exit  pupil  [Wei ford,  1962].  As  can  be  seen  from  examining 
the  ray  paths  in  Figure  2,  the  exit  pupil  of  the  Czerny- 
Turner  configuration  is  located  at  the  camera  mirror.  This 
mirror  is  identified  as  spherical  mirror  2 in  Figure  4. 
Thus,  for  the  Czerny-Turner  spectrograph,  R is  the  meri- 
dional focal  length  of  spherical  mirror  2.  Therefore,  it 
follows  from  liquation  (F-6)  in  Appendix  F that 

Ry  cos b 

R = 2 (6) 
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for  the  Czerny-Turner  optical  system.  As  shown  by  Welford 
[1962 |,  the  transverse  aberrations  are  given  by 


and 


JL  'LL 

n 3a? 


JL 

n 3y 


(7) 


8) 


where  the  xy -coordinate  system  is  located  in  the  exit  pupil 

and  £ and  n are  parallel  to  the  x and  y axes,  respectively 
It  follows  from  Equations  (5),  (6),  (7]  and  (8)  that  the 

transverse  aberrations  of  the  Czerny-Turner  optical  system 
are  given  by 


and 


n 


7?2  cosi  3f 
2 3o? 


R 2 COsb  3 F 


(9) 


(10) 


The  variation  in  the  length  of  the  optical  path  with 
changes  in  the  x coordinate  is  given  by 


x 


AF„ 


- / 


If  dx 


(ID 


0 


The  corresponding  path-length  variation  in  the  y dimension 
is  given  by 
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Expressions  for  dF/ 3a:  and  dF/dy  can  he  found  by  differen- 
tiating expressions  for  A F ^ and  A F}  with  respect  to  x and 
y,  respectively.  Then  the  expressions  for  the  transverse 
aberrations  can  be  ascertained  by  substituting  these  expres- 
sions for  dF/dx  and  ZF/dy  into  liquations  (9)  and  (10), 
respectively . 

Lindblom  [1972]  has  given  expressions  for  the  total- 
path-length  variation.  These  expressions  are  equivalent  to 
the  results  obtained  if  the  integrations  in  Equations  (11) 
and  (12)  are  performed  with  the  variable  upper  limits  re- 
placed with  the  maximum  values  of  x and  y,  respectively. 

The  maximum  values  of  x and  y are 


and 


W cosB 
2 


(13) 


(14) 


where  W and  L are  the  dimensions  of  the  grating  as  identi- 
fied in  Figure  4 and  B is  the  diffraction  angle.  Thus,  the 
total -path- length  variation  expressions  given  by  Lindblom 
[1972]  are  equivalent  to  results  of  the  integrations 


and 


C o s 8 


W cos 8 
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(15) 


(16) 


Thus,  Lindblom's  total -path- length  variation  expressions 

can  be  converted  to  A F and  A Ft  expressions  by  replacing 

x y 

W and  L in  his  expressions  with  2x/cos6  and  2 y,  respectively. 
Transverse  aberration  expressions  can  then  be  found  using 
the  procedure  described  in  the  previous  paragraph. 

Transverse  aberration  expressions  for  spherical  aberration, 
coma,  and  astigmatism  were  derived  from  Lindblom’s  expres- 
sions using  this  procedure. 


Spherical  aherrat ion 

For  rays  in  the  plane  of  Figure  4,  Lindblom’s  [1972] 
expression  for  the  total -path- length  variation  due  to 
spherical  aberration  reduces  to 


^sph  . ab . 


(17) 


As  explained  in  the  previous  paragraphs,  this  expression 
can  be  converted  to  a path- length- variat ion  expression  by 
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replacing  W with  2x/cos3.  This  replacement  yields 


A F 


sph  . ah  . 4 c 4 ,,  ) l „ 3 5 


4 x , 

COS  t Ifin  2 1\ 

(10  sin  a - 1 j 


cos  3 | V1* j cos  a 


) 


+ ( 

\R?  cos  bj 


( 10  sin  c-1 


18) 


I' i f fc  ren  t i a t i ng  liquation  (18)  with  respect  to  x gives  an 
expression  for  9F/;>x.  If  this  expression  for  3F/9x  is 
then  substituted  into  l.quation  (9),  the  transverse  aberra- 
tion is  given  by 


L = 


, cos.-  j / 1 \ 

L_ {[_  cosa  V 

2 cos4  3 \\h  ^ cos'ci/ 


10  s in  a-  1 ) 


(-F-V)1 

\R 2 cos  b/ 


cos 4 , \Mn  2 , , x 

‘(  111  sin  b - 1 ) 


(19) 


\s  can  be  seen  from  Equation  (19),  the  transverse  aberra- 
tion of  the  ray  increases  as  the  third  power  of  the  x 
coordinate  in  the  exit  pupil.  An  expression  for  the  maxi- 
mum value  of  x is  given  in  liquation  (13).  Substituting 
this  expression  in  liquation  (19)  gives  the  following  ex- 
pression for  the  transverse  aberration  of  the  Czerny -Turner 
configuration  due  to  spherical  aberration: 


53 


■ v,» 


The  value  of  £ ^ ^ computed  from  Equation  (20)  using  the 

parameter  values  tabulated  in  Tables  1 and  2 is  19  pm. 

The  effect  of  exit-pupil  size  on  the  amount  of  spheri- 
cal aberration  can  be  seen  from  Equations  (18)  and  (19). 

The  path-length  variation  caused  by  spherical  aberration 
increases  as  the  fourth  power  of  the  exit-pupil  size.  The 
transverse  aberration  caused  by  spherical  aberration  in- 
creases as  the  third  power  of  the  exit-pupil  size.  Since 
the  path-length  variation  due  to  spherical  aberration  is  an 
even  function  of  x,  the  broadening  of  the  image  of  a point 
caused  hy  spherical  aberration  is  symmetrical.  Thus,  if 
the  only  aberration  were  spherical  aberration,  the  width  of 
the  image  of  a point  would  he  Z£  ^ . 


Coma 

For  rays  in  the  plane  of  Figure  4,  Lindblom’s  [1972] 
expression  for  the  tota 1 - path- length  variation  due  to  coma 
reduces  to 


(21) 


S4 


Replacing  W with  2x/cosB  yields 
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coma 
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Differentiating  Equation  (22)  with  respect  to  x gives  an 
expression  for  9 F/'bx.  Substituting  this  expression  in 
Equation  (9)  yields 


£ = 


2 

3x  R 2 cos b 
2 cos33 


I / cos t \ [si na  1 [ cos 3 1 Is i n b \ l 

\\cosa)  W ) \co5bl\a22 


(23) 


for  the  transverse  aberration  of  a ray  due  to  coma.  As  can 
be  seen  from  Equation  (23),  the  maximum  aberration  results 
for  the  ray  with  the  maximum  x coordinate.  Therefore,  it 
follows  from  Equations  (13)  and  (23)  that  the  transverse 
aberration  due  to  coma  is  given  by 


£ 

coma 


3 W R-,  cost 
8 cos  3 


N’( 


s i n b 

R. 


(24) 


It  can  be  shown  that  this  equation  is  equivalent  to  the 
equation  for  transverse  coma  derived  by  Reader  [1969  1 . for 
the  parameter  values  given  in  Tables  1 and  2,  the  values  of 
r,COma  Riven  by  Equation  (24)  is  6 pin . 

By  the  proper  choice  of  the  spec t rome tor  - parameter 
values,  Equation  (24)  can  be  made  equal  to  zero.  If  these 
parameter  values  are  selected  such  that 


s i n a 
s i nB 


/cosg  COS i\^  I I V 
\c US'  i cosh  J \ fi  , J 


(25) 


the  value  of  £conn»  g i veil  by  liquation  (24),  is  zero. 
Equation  (25)  is  the  coma- free  condition  derived  by  Shafer, 
Megill,  and  Droppleman  [ 1 ft  6 4 | and  verified  by  Reader  [ 1 9 1>  9 J 
If  Equations  (1)  and  (25)  are  solved  simultaneously  using 
the  parameter  values  for  Oj,  /?j  , R , a,  and  b tabulated  in 
Table  I , the  requires  values  of  a and  8 to  make  the  coma 
zero  are  22.48  and  45.78  degrees,  respectively.  For  these 
values  of  a and  (1  and  the  value  of  \/d  tabulated  in  Table  1 
the  grating  equation  | Born  and  Wolf,  1965], 

sin«  + sinp  = l<\/d  , (26) 

requires  that  k A equals  11.89  pm.  Thus,  the  coma  of  the 
representative  Hadainard  spectrometer  is  zero  when  the 
grating  is  rotated  such  that  the  value  of  k\  of  the  central 
spectral  element  is  11.89  pm. 

The  effect  of  exit  punil  size  on  the  amount 'Of  coma 
can  be  seen  from  Equations  (22)  and  (23).  The  path-length 
variation  due  to  coma  increases  with  the  third  power  of 
the  exit-pupil  size;  transverse  aberration  due  to  coma  in- 
creases as  the  second  power  of  the  exit-pupil  size.  The 
broadening  of  the  image  of  a point  due  to  coma  is  asyinmetri 
cal  because  the  path- length  variation  is  an  odd  function  of 
x.  Because  of  this  asymmetry,  the  contribution  of  coma  to 
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the  width  of  the  image  ol  a point  is  approximately  equal  to 

f, 

coma  ‘ 


As  t igmat ism 

Lindblom's  [197  2]  expression  for  the  total -path  - length 
variation  due  to  astigmatism  is 
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This  expression  can  be  converted  to  a path- length-variation 
expression  by  replacing  A/2  with  y . This  replacement 
yields 
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Differentiating  liquation  (28)  with  respect  to  y gives  an 
expression  for  rdF/dy.  Substituting  this  expression  in 
liquation  (10)  yields 


n = y B cos b 


.2  .2, 
s l n n_  s i n b_ 

/?!  cosa  By  cos b 


(29) 


for  the  transverse  aberration  of  a ray  due  to  astigmatism 
As  can  be  seen  from  liquation  (29),  the  transverse  aberra- 
tion caused  by  astigmatism  increases  linearly  with  y . 
Since  by  liquation  (14)  the  maximum  value  of  y is  A/2,  the 
transverse  aberration  due  to  astigmatism  results  if  the 
variable  y in  liquation  (29)  is  replaced  with  A/2.  Thus, 
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the  transverse  aberration  due  to  astigmatism  of  the  Czerny- 
Turner  configuration  is  given  by 
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ast . 


Rjl‘  CO  si 
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( 30) 


Ff  the  parameter  values  tabulated  in  Table  1 are  substi- 
tuted in  Equation  (30),  the  value  of  n . is  1.414  mm. 

ast. 

The  effect  of  exit-pupil  size  on  the  amount  of  astig- 
matism can  be  seen  from  liquations  (28)  and  (29).  The  path- 
length  variation  caused  by  astigmatism  increases  as  the 
square  of  the  exit-pupil  size.  The  transverse  aberration 
caused  by  astigmatism  increases  linearly  with  y.  Since  the 
path-length  variation  due  to  astigmatism  is  an  even  func- 
tion of  y,  the  lengthening  of  the  image  of  a point  due  to 
astigmatism  is  symmetrical.  Thus,  the  contribution  of 
astigmatism  to  t he  lengtti  of  the  image  of  a point  is  2nast 


The  spot  size 

The  size  of  the  image  of  a point  predicted  by  aberra- 
tion theory  can  be  computed  simply  from  the ' transverse 
aberration  expressions  for  spherical  aberration,  coma,  and 
astigmatism.  The  width  of  the  image  of  a point  predicted 
by  aberration  theory  is 


= 


sph . ab . 


r 

coma 


(31) 


The  length  of  this  image  predicted  by  aberration  theory  is 


If  the  values  of  f . , , L and  n * , computed  in 

the  previous  paragraphs  for  the  parameter  values  tabulated 
in  Tables  1 and  2,  arc  substituted  in  Equations  (31)  and 
(32),  the  values  for  iy  and  i ^ are  44  pm  and  2.828  mm, 
respectively.  The  length  of  the  predicted  image  of  a point 
is  64  times  as  it  is  wide  because  of  the  large  amount  of 
as  t igmat i sm . 

field  curvature 

Mielenz  |19C>4c|  derived  equations  for  the  coordinates 
of  the  focal  surface  of  an  libcrt  spectrograph.  However,  as 
shown  by  Reader * [1969|,  his  expressions  can  be  adapted  to  a 
Czerny -Turner  spectrograph.  figure  5 defines  the  param- 
eters used  to  apply  the  equations  of  Mielenz  to  obtain  the 
focal  curve  in  the  meridional  plane  of  a Czerny -Turner 
optical  system.  The  center  of  curvature  for  spherical 
mirror  2 is  at  C , . The  focal  curve  in  the  meridional  plane 
is  given  by 


where  terms  of  order  higher  than  are  neglected.  When  m 
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equals  the  y term  in  Equation  (33)  is  zero.  This 

is  commonly  known  as  the  flat-field  grating  position. 

The  value  of  m for  the  representative  Hadamard  spec- 
trometer can  he  tetermined  from  Figure  6.  The  line  from 
C to  M-,v  is  a segment  of  the  central  ray,  which,  if  con- 
tinued, would  strike  the  mask  at  point  P in  Figure  4 . The 
value  of  y for  this  central  ray  is  designated  y^,  Applying 
the  law  of  cosines  to  the  trinagle  in  Figure  6 yields 

m = (P22  + C1  - 2P2Pcos6)  ly/2  . (35) 

For  the  values  of  p7 , c , and  b tabulated  in  Table  1,  the 
value  of  m found  from  liquation  (35)  is  569.9  mm. 
Substituting  this  value  of  m and  the  value  of  given  in 
Table  1 into  liquations  (33)  and  (34)  yields 

= 32 . 09y 2 - 53.8  2y4  (36) 

and 

x"  = -462 . 5y  + 30.07y3  . (37) 

The  optimum  orientation  of  the  mask  was  also  computed 
using  a ray-tracing  analysis.  In  order  to  facilitate  the 
comparison  between  this  orientation  and  the  orientation 
computed  from  liquations  (36)  and  (37),  the  values  of  x"and 
a"  computed  from  these  equations  were  transformed  to  the 
Af£-coord  inate  system  used  in  the  ray-tracing  analysis.  The 
relative  orientation  of  the  X7,  and  the  x ' 'z  "-coordinate 
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systems  is  shown  in  Figure  6. 
equations  are 


The  required  transformation 


\ 


COs(yp-02)  - x"  sin(yp-02)  + ZQ  - cos(yp-02) 


(38) 


and 


x = 


sin(yp-02)  + x " cos  ( yp- 02)  + XQ  - ( m -~j-)  sin(yp-02 


(39) 


where  X ^ and  7. ^ are  the  coordinates  of  the  point  G in  the 

0 G 

XZ-coordinate  system.  The  values  of  Xr  and  Zr  for  the 

G C UC 

representative  lladamard  spectrometer  are  -91.110  and 
91.015  mm,  respectively. 

In  order  to  use  liquations  (38)  and  (39),  yp  must  be 
computed.  Since  the  exterior  angle  of  a triangle  must 
equal  the  sum  of  the  opposite  interior  angles, 

Y p - h * b . (40) 

By  the  law  of  sines 

h = sin  q — s inZ> 

Substituting  the  values  for  C and  b tabulated  in  Table  1 
and  the  value  for  m computed  above,  569.9  mm,  in  Equa- 
tion (41)  yields  6.75  degrees  for  the  value  of  h . Thus,  by 
F.quation  (40)  the  value  of  yp  for  the  representative 
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Iladamard  spectrometer  is  17.32  degrees.  Consequently,  the 
liquations  (38)  and  (39)  reduce  to 

Z = s"  cos  6.82  - a:"  sin  6.82  - 15.625  mm  (42) 

and 

X = a " sin  6.82  + x"  cos  6.82  - 103.864  mm  . (43) 

The  coordinates  of  26  points  on  the  focal  surface  were  com- 
puted by  letting  y vary  from  0.18  to  0.43  radians  in  steps 

of  0.01  radian.  The  equation  for  the  best-fit  straight 
line  through  these  coordinate  pairs,  using  the  method  of 
least  squares  , i s 

X = -0.807Z  - 219.098  mm  . (44) 

The  coefficient  of  determination  of  this  line  is  0.99998, 
which  indicates  that  the  fit  is  very  good.  It  follows  from 

liquation  (44)  that  the  angle  between  the  best-fit  line  and 

the  X axis  is  8.357  degrees  as  illustrated  in  Figure  7. 

In  order  to  compute  the  focal  shift  caused  by  using  a 
straight  rather  than  a curved  mask,  it  is  useful  to  trans- 
form to  a coordinate  system  that  has  an  axis  along  the 
best-fit  line.  The  ZX- coo rd i nate  system  can  be  transformed 
to  the  Z '/'-coordinate  system  shown  in  Figure  7 by  the 
equa  t i on  s 

Z'  = Z cos  8.357  ♦ (X  + 219.098)  sin  8.357  (45) 
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I igure  7.  Relationship  between  the  best-fit  focal  line 
described  by  liquation  (44)  and  the  coordinate 
system  used  in  the  ray-tracing  analysis. 


and 


X'  =-Z  sin  8.357  + (X  + 21 9.098)  cos  8.357 


Application  of  liquations  (45)  and  (46)  to  the  coordinates 
of  the  26  points  computed  on  the  focal  surface  yields  the 
coordinates  plotted  in  figure  8.  As  can  be  seen  from  this 
figure,  the  maximum  focal  shift  over  the  109  mm  long  sec- 
tion of  the  X ' axis  is  only  38  pm  (0.001  inch). 

The  focal  shift  6 corresponding  to  the  Rayleigh  limit 
of  A/4  wavefront  aberration  is  [Smith,  1966] 


6 = ♦ 


2/V  s in2  £/ 


where  N is  the  index  of  refraction  and  V m is  the  angle  of 
the  marginal  ray.  For  the  Czerny -Turner  optical  system  the 
angle  of  the  meridional  marginal  ray  is  given  by 


= tan 


1 V cos  3 


i 

> 


where  U , D , and  3 arc  the  parameters  identified  in  Figure  4 
It  follows  from  liquations  (47)  and  (48)  that  for  the  repre- 
sentative Hadamard  spectrometer  the  focal  shift  of 


6 = ♦ 1 85  A 


produces  a wavefront  aberration  of  A/4.  For  A equal  to 
11.5  pm,  liquation  (49)  indicates  that  a focal  shift  of 
t 2 mm  produces  no  significant  deterioration  in  the  image. 
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Thus,  the  maximum  focal  shift  of  38  yin  caused  by  using  a 
straight  rather  than  a curved  mask  produces  no  measurable 
errors  for  A equal  to  11.5  pm.  In  fact,  the  38-ym  varia- 
tion satisfies  the  Rayleigh  criteria  for  wavelengths  as 
short  as  0.2  y m . 

These  analytic  computations  for  the  field  curvature 
indicate  that  for  the  representative  lladamard  spectrometer, 
t ho  field  stop  in  the  mask  plane  can  be  slightly  longer 
than  100  mm  with  no  significant  focal  shift.  These  compu- 
tations also  indicate  that  the  plane  lladamard  mask  should 

be  oriented  at  an  angle  of  8.357  degrees  with  respect  to  the 
X axis  of  the  coordinate  system  used  in  the  ray-tracing 
analysis. 

Spectrum  line  curvature 

The  images  of  a straight  entrance  slit  formed  by  a 
grating  spectrometer  arc  curved  rather  than  straight.  In 
imaging  systemsj curvature  of  the  image  of  a straight  line 
is  called  distortion,  but  in  grating  spectrometers  it  is 
usually  called  spectrum  line  curvature.  Mielenz  [1964a, 
1964b,  1964c)  has  derived  general  equations  which  could 
theoretically  be  used  to  compute  the  shape  of  the  spectral 
images  of  an  entrance  slot  formed  by  a Czerny -Turner 
optical  system.  He  has  applied  his  equations  to  the  Ebert 
spectrometer  and  confirmed  the  optimum  slit  radius  for  an 
Ebert  spectrometer  given  by  Fastie  [1952a,  1952b,  1953]. 
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Kudo  [I960 | has  shown  that  the  optimal  slit  shape  for  the 
Czerny -Turner  spectrometer  is  elliptical. 

Spectrum  line  curvature  is  not  predicted  by  the 
common  form  of  the  grating  equation,  which  is  given  in 
liquation  (20).  The  general  grating  equation  f James  and 
Steinberg , 1969]  must  he  used  when  investigating  the  spec- 

trum line  curvature  of  a plane  grating  spectrometer. 

James  and  bternbcrg  |1969|  have  shown  that  the  curvature 
introduced  by  the  plane  grating  is 


AB 


k\  02  _ 

2J cosh 


( 59) 


where  0 and  AB  are  the  angles  identified  in  Figure  9.  An 
expression  for  the  spectral  line  curvature  of  the  Czerny- 
Turner  spectrometer  was  derived  using  liquation  (50).  A 
principal  ray  from  a point  in  the  entrance  slit  a distance 
Y above  the  plane  of  Figure  '1  will  strike  spherical 
mirror  1,  approximately  a distance  above  this  plane. 
Thus , 


0 


(51) 


where  is  defined  in  Figure  4.  The  lateral  translation 
of  the  principal  ray  at  the  focal  plane  is  approximately 
equal  to  its  lateral  translation  at  spherical  mirror  2. 
Consequently,  the  curvature  expressed  as  a lateral  trans- 
lation in  the  focal  plane  is  given  by 
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9a.  Geometry  for  principal  rays  at  the  grating 
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Figure  9h . Mercator  projection  of  the  unit  sphere; 
(dimensions  are  angular). 


A0  C 


( 52) 


AX'  = 

where  C is  defined  in  Figure  4.  It  follows  from  liqua- 
tions (50),  (51),  and  (52)  that  the  slit  curvature  intro- 
duced in  the  image  of  a straight  entrance  slit  by  the 
Czerny -Turner  optical  system  is  given  by 

C kX  Y 2 

AX'  = ~ — . (53) 

2<iB  cos 0 

liquation  (49)  indicates  that  the  spectrum  line  curvature 
increases  as  the  square  of  the  distance  above  the  optical 
axis.  For  the  parameter  values  given  in  Table  1 and  k X 
equal  to  11.5  pin,  Equation  (53)  reduces  to 

AX'  = 1 . 19  x 10' 3 y 2mm  , (54) 

*3 

when  is  in  millimeters.  The  quadratic  dependency  of 
spectral  line  curvature  on  the  distance  above  the  optical 
axis  severely  limits  the  usable  length  of  straight  slots. 
For  example,  if  Y r%  is  29  mm,  then  by  liquation  (54)  the 
lateral  shift  AX'  is  1 mm. 

Accuracy 

The  accuracy  of  the  analytic  expressions  which  have 
been  derived  in ' the  preceding  pages  for  the  aberrations 
of  the  Czerny-Turner  optical  system  was  evaluated  by  com- 
paring analytic  results  with  ray-tracing  results.  This 
comparison  indicated  that  these  analytic  expressions  give 
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a reasonably  accurate  description  of  the  imaging  proper- 
ties of  the  Czerny-Turner  optical  system. 

A Ray -Tracing  Analysis  of  the  Imaging  Fidelity  of  the 
Representat i ve  Hadamard  Spectrometer 

The  imaging  fidelity  of  the  representative  Hadamard 
spectrometer  was  ascertained  by  using  ray  tracing  to  com- 
pute spot  diagrams  \Cox,  1964  | and  the  intersection  points 
of  principal  rays  with  the  mask  plane.  Ray  tracing  can  be 
used  to  ascertain  the  geometrical  imaging  properties  of  an 
optical  system.  Since  diffraction  is  not  described  by 
geometrical  optics,  tracing  rays  through  an  optical  system 
containing  a diffraction  grating  requires  some  explanation. 

An  examination  of  the  derivation  of  the  grating  equation 
from  diffraction  theory  [Rorn  and  Wolf,  1965]  reveals  that 
the  grating  equation  describes  the  direction  of  propagation 
of  the  maxima  only.  Some  optical  energy  is  diffracted  into 
angles  other  than  those  of  the  maxima.  However,  for  most 
applications  the  general  grating  equation  [James  and  Stern- 
berg, 1969]  satisfactorily  describes  the  operation  of  the 
diffraction  grating.  The  grating  equation  is  a geometrical 
description  that  can  be  implemented  using  ray  tracing. 

Ray-tracing  computer  programs  were  developed  to  anal- 
yze the  imaging  fidelity  of  the  representative  Hadamard 
spectrometer.  Subroutines  were  developed  for  each  of  the 
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basic  ray-tracing  operations.  These  subroutines  can  be  used 
to  analyze  any  optical  system. 

Cartes ian  coordinates  of  the 
representative  HadamarcT 
spec  t romete  r 

The  ray-tracing  analysis  of  the  representative  Hadamard 
spectrometer  was  conducted  using  the  XY7  - coord  i nate  system 
shown  in  Figure  10.  The  origin  is  located  at  the  center  of 
the  entrance  slit,  the  7.  axis  is  parallel  with  the  reference 
line,  the  x axis  is  directed  toward  the  top  of  Figure  10, 
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geometrical  drawing  in  Figure  11.  The  XY7,  coordinates  of 
the  vertex  of  spherical  mirror  1,  the  point  Wj  , are  given 
by 


X = - /I  sin  y,  , (55) 

1 V 


whe  re 


A cos  y , 


Yj  = la  - 0j 


(50) 


(57) 


(58) 


Figure  10. 


Definition  of  several  points  used  in  the 
ray-tracing  analysis. 
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Figure  11.  Geometrical  drawing  from  which  expressions  for 
the  Cartesian  coordinates  of  the  optical  coinpo 
nents  were  derived.  The  lines  marked  with  the 
two  vertical  bars  are  parallel. 


The  coordinates  of  the  grating  center,  the  point  G , are 
given  by 


XG  = XM  ~B  Sin  61 
C \V 


Yr  = 0 
GC 


Zr  = ZM  - B cos  0X 

Gc  Miv  1 


The  coordinates  of  the  vertex  of  spherical  mirror  2,  the 
point  A/,..,  are  given  by 


X,,  = X,,  - C'sin  0, 

W2  v °C  1 


V = 0 ’ 

2V 


Z = Z.  + C sin  0, 

W2K  1 


The  coordinates  of  the  point  p where  the  central  ray  strikes 
the  lladamard  mask  are  given  by 


Xp  = X -D  siny2 
1 2 V 


Yp  = 0 


Zp  * - 0 cos  y2 
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whe  re 


Y2  = lb  - Oj  . ( ()8 ) 

The  coordinates  of  the  points  Mj  C>c,  M~,v,  and  P computed 
by  substituting  the  required  parameter  values  from  Table  1 
into  Equations  (55)  through  (68)  are  tabulated  in  Table  3. 
The  coordinates  of  the  points  ... , Grjl,  G [{ , and 

M 2^  are  also  tabulated  in  Table  3. 

Table  3.  Coordinates  of  points  defined  in  Figure  10. 


Point 

description 

Coo  rd i nates 

X Y 

( mm ) 

Z 

M\ T 

Top  of  spherical  mirror  1 

14.971 

0 

494  .033 

M1V 

Vertex  of  spherical  mirror  1 

-15.892 

0 

496 .853 

mib 

Bottom  of  spherical  mirror  1 

- 4 b . 8 2 8 

0 

498. 716 

G t 

Top  of  g rat i ng 

-63.901 

0 

74.173 

(when  0£,  = 31.757  degrees) 

GC 

Center  of  grating 

-91.110 

0 

91.015 

gb 

Bottom  of  grating 

-118.319 

0 

107.857 

(when  0^  = 31.757  degrees) 

M2T 

Top  of  spherical  mirror  2 

-84.651 

0 

447.175 

M2V 

Vertex  of  snherical  mirror  2 

-157.672 

0 

450.151 

M2B 

Bottom  of  spherical  mirror  2 

-230. 700 

0 

447.353 

P 

Center  of  focal  plane 

-241.618 

0 

3.31 6 
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defined  in  Figure  11  are  Euler 


The  angles  Uj  and 
angles  used  in  the  ray-tracing  computer  programs  for  coordi- 
nate transformations.  It  follows  from  Figure  11  that  these 
Euler  angles  for  spherical  mirrors  1 and  2 are  given  by 

- a (69) 

and 

a 2 ~ b - 6^  . (70) 

The  values  of  and  ra  2 » as  well  as  Yj  and  y?>  for  the 
representative  lladamard  spectrometer  are  tabulated  in 
Table  4. 


Table  4.  Values  of  several  angles  defined  in  Figure  11  . 


Angle 

Description 

Value 

(degrees) 

el 

Euler  angle  of  spherical  mirror  1 

4 . 334 

e 2 

Euler  angle  of  spherical  mirror  2 

.07 

Y1 

Angle  between  Z axis  and  the  principal 
ray  from  the  entrance  slit 

1 . 832 

Y 2 

Angle  between  Z axis  and  the  principal 
ray  to  point  P 

10.640 
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Ray  - trac  ing  co nip u ter  p rog r ams 

The  ray-tracing  comnuter  programs  developed  to  analyze 
the  imaging  properties  of  the  representative  lladamard  spec- 
trometer used  the  ray-tracing  procedure  of  Spencer  and 
Murty  [1962],  which  is  described  in  Appendix  li.  Subroutines 
to  implement  the  basic  ray-tracing  operations  were  developed 
and  used  in  several  mainline  programs.  These  subroutines, 
TRNS1,  TRNS2  , TRNS3,  TRNS4 , RMAT , ITSP,  I TPh , RFh  and  DPR, 
are  listed  in  Appendix  II.  These  subroutines  together  with  ■ 
subroutine  RPR,  which  describes  refraction,  form  a basic  set 
of  general-purpose  subroutines  that  can  be  used  to  analyze 
optical  systems  with  spherical  and  planar  surfaces.  Optical 
systems  with  other  surfaces  can  be  analyzed  by  using  the 
procedures  described  in  Appendix  1 to  develop  subroutines 
to  compute  the  intersection  of  a ray  with  these  surfaces. 

The  subroutine  DPR  describes  the  change  in  direction  of  a 
ray  at  a diffraction  grating  predicted  by  the  general 
grating  equation  [James  and  D Lernbery , 1969].  Therefore, 
spectrum  line  curvature  is  predicted  by  this  subroutine. 

These  general-purpose  subroutines  describe  a ray  in 
terms  of  the  coordinates  of  a point  on  the  ray  and  the 
direction  cosines  of  the  ray.  The  computations  are  alge- 
braic instead  of  trigonometric,  and  the  accuracy  can  be  set 
by  specifying  the  iteration  difference  at  which  the  Newton- 
Raphson  iteration  is  to  terminate.  The  computer  programs 
were  run  on  a Digital  Pquipment  Corporation  PDP-8/P  computer 


using  Fortran  II,  which  provides  seven  significant  digits 
for  arithmetic  computations.  The  accuracy  of  the  ray-trace 
results  were  ascertained  by  ray-tracing  the  same  Czerny- 
Turner  optical  system  on  both  a llnivac  1108  computer  and 
the  PDF  - 8/E  computer.  The  llnivac  1108  provides  nine  signif- 
icant digits.  The  maximum  difference  between  the  ray  inter- 
sections in  the  focal  plane  computed  with  these  two 
machines  was  0.1  pm.  Consequently,  the  ray  trace  data  re- 
ported herein  are  accurate  to  0.1  pm. 

Since  the  PDP-8/F  computer  used  was  configured  with 
only  12  thousand  words  of  memory,  several  of  the  mainline 
programs  had  to  be  written  in  segments.  The  computations 
were  accomplished  by  loading  each  program  segment  into  the 
computer  in  turn  in  a process  known  as  chaining.  This 
memory- size  limitation  made  the  mainline  programs  long  and 
of  limited  value  to  other  researchers  using  different 
computers.  Consequently,  only  a few  of  the  mainline  pro- 
grams used  are  listed  in  Appendix  II. 

Spot  diagrams  were  computed  using  a mainline  program 
consisting  of  six  segments,  CT1 , CT2,  CT3,  CT4,  CT5  and  CT6 , 
which  are  listed  in  Appendix  II.  This  program  traces  41 
rays  from  the  object  point  in  the  entrance  slit  to  the  mask 
plane.  These  41  rays  are  chosen  in  the  manner  used  by 
Meyill  and  DroppLcman  [1962]  and  illustrated  in  Figure  12. 
The  radii  of  the  circles  in  this  figure  are  related  by  the 
recursion  relation 
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where  the  subscript  k is  unity  for  the  innermost  circle, 
lor  radii  that  satisfy  tiiis  recursion  relation,  the  areas 
of  the  annuli  formed  by  successive  circles  with  these  radii 
are  equal.  Therefore,  the  spot  diagram  formed  by  the 
intersection  of  these  rays  with  the  mask  plane  gives  an 
indication  of  the  energy  distribution  in  the  image  of  a 
point,  provided  that  diffraction  by  the  entrance  pupil  is 
negligible.  The  direction  cosines  of  the  principal  ray, 
the  ray  through  the  grating  center,  are  found  by  subroutine 
CRAY.  After  the  direction  cosines  of  the  principal  ray  are 
found,  the  subroutine  DCOS  is  used  to  compute  the  direction 
cosines  of  the  41  rays  emanating  from  the  object  point. 

i'll  i s circular  arrangement  of  the  rays  simulates  a col- 
limated beam  with  a circular  cross  section.  lor  k A equal 
to  11.5  nm  the  actual  cross  section  of  the  collimated  beam 
for  the  representative  Hadamard  spectrometer  is  the  64  by 
59.6-mm  rectangle  shown  in  figure  13.  The  cross  section 
used  in  the  ray-tracing  analysis  is  the  71-mm  diameter 
circle  also  shown  in  this  figure.  Since  this  circle  en- 
closes most  of  the  area  within  this  rectangle,  the  ray- 
tracing analysis  gives  a reasonable  approximation  of  the 
imaging  fidelity  of  the  representative  Hadamard  spectrometer. 

In  order  to  compare  the  results  of  the  ray-tracing 
analysis  with  the  results  of  the  aberration  expressions, 
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RAY-TRACE 

BEAM  CROSS  SECTION 


Figure  13.  Cross  sections  of  the  ray-trace  and  the 
actual  collimated  beams.  Dimensions  are 
in  millimeters. 
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the  values  of  W and  L used  in  the  aberration  expressions 
must  be  76.2  and  71.0  mm,  respectively.  The  76.2  mm  value 
was  computed  by  dividing  71.0  mm  by  the  cosa,  where  a had 
the  value  given  in  Table  2. 

■ t i m i sat  ion  of  the  focal  plane 
location 

Ihe  optimum  orientation  of  the  focal  plane  was  found 
iteration.  Spot  diagrams  were  plotted  as  the  focal 
plane  was  rotated  about  its  central  spectral  element  of 
11.5  am.  Spot  diagrams  were  plotted  for  11.5  urn  as  well  as 
for  the  wavelength  10.5  and  12.5  pm.  Table  5 is  a tabula- 
tion of  the  dimensions  of  some  of  these  spot  diagrams.  An 
examination  of  Table  5 reveals  that  the  focal  plane  should 
make  an  angle  of  approximately  8.25  degrees  with  the  7f-axis 
of  the  optical  system.  This  angular  value  compares  closely 
with  the  8.357  -degree  value  required  by  Equation  (44).  In 
fact,  for  a focal  plane  100-mm  long,  the  angular  difference 
between  8.357  and  8.25  degrees  corresponds  to  a focal  shift 
of  only  95  pm  at  the  ends  of  the  focal  plane.  The  focal 
plane  was  oriented  at  8.25  degrees  for  all  subsequent  ray 
tracing . 

Depth  of  focus 

The  depth  of  focus  was  checked  by  computing  spot  dia- 
grams for  focal  planes  located  closer  and  further  than  the 
meridional  focal  length  given  by  Equation  (F-6)  in 
Appendix  F.  The  results  of  these  computations  are  tabulated 


Table  5.  Dimensions  of  on-axis  spot  diagrams  at  selected 
focal  plane  angles.  The  spot  widths  were  scaled 
from  plots  and  have  a tolerance  of  *5  pm.  The 
spot  lengths  were  taken  from  computer  listings 
and  have  tolerances  of  +0.5  urn. 


Angle 
(degrees ) 

Wavelength 

(um) 

Spot  width 
( um) 

Spot  long 
( um) 

7.0 

10.5 

10  3 

1 794 

7.0 

11.5 

86 

30  85 

7.0 

12.5 

233 

52  51 

7.5 

10.5 

59 

1 726 

7.5 

11.5 

86 

3089 

7.5 

12.5 

173 

5 332 

8.0 

10 . 5 

59 

1651 

8.0 

11.5 

86 

30  84 

8.0 

12.5 

124 

5402 

8.25 

10.5 

74 

1616 

8.25 

11.0 

73 

2258 

8.25 

11.5 

86 

30  8 4 

8.25 

11.75 

93 

35  76 

8.25 

12.0 

95 

4128 

8.25 

12.25 

91 

4747 

8.25 

12.5 

87 

5440 

8.5 

10.5 

108 

1580 

8.5 

11.5 

86 

30  8 4 

8.5 

12.5 

64 

5478 
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in  Table  6.  From  Tables  5 and  6 it  is  found  that  the  depth 
of  focus  for  a focal  plane  angle  of  8.25  degrees  is  greater 
than  1 mm  and  that  the  spot  width  is  actually  smaller  at  a 
location  1 mm  closer  to  the  spherical  mirror  2 than  it  is 
at  the  conventional  meridional  focus. 


Table  6.  Dimensions  of  spot  diagrams  for  focal  planes 

translated  small  distances  from  the  meridional 
focal  length.  Positive  and  negative  transla- 
tions signify,  respectively,  translations  away 
from  and  toward  the  spherical  mirror  2. 
Tolerances  are  ±5  pm  for  spot'  width  and 
±0.5  pm  for  spot  length. 


Trans  1 at i on 
( mm ) 

Wavelength 

(pm) 

Spot  width 
(pm) 

Spot  length 
(pm) 

+ 1 

10.5 

205 

1470 

+ 1 

11.5 

199 

2939 

+ 1 

12.5 

190 

5298 

-1 

10 . 5 

91 

1777 

-1 

11.5 

65 

3240 

-1 

12.5 

49 

5597 

-2 

10 . 5 

133 

1930 

-2 

11.5 

162 

3396 

-2 

12.5 

137 

5748 

86 


Spot  diagrams 

The  spot  diagrams  for  several  wavelengths  when  the 
object  point  is  at  the  center  of  the  entrance  slit  are 
plotted  in  Figure  14.  Each  spot  diagram  in  this  figure 
has  its  own  scale.  As  shown  in  the  section  on  the  ray- 
tracing programs,  a value  of  76.2  mm  must  be  used  for  W 
in  the  aberration  expressions  if  the  results  of  ray  tracing 
at  a wavelength  of  11.5  urn  are  to  be  compared  with  the 
results  of  the  aberration  expressions.  When  W is  76.2  mm, 
the  transverse  spherical  aberration  £ ^ predicted  by 

Equation  (20)  is  33  pm  and  the  transverse  coma  E 
predicted  by  Equation  (24)  is  8 pm.  Thus,  by  Equation  (31) 
the  width  of  the  spot  diagram  predicted  by  the  aberration 
expressions  is  74  pm.  This  value  for  the  spot  width  is  15 
percent  less  than  the  86-pm  width  shown  in  plot  (c)  of 
Figure  14.  The  maximum  spot  width  in  Figure  14  is  95  pm. 

Asymmetry  in  the  spot  diagram  is  a manifestation  of 
coma.  As  shown  in  plot  (c)  of  Figure  14,  the  spot  diagram 
for  a wavelength  of  11.5  pm  exhibits  a small  amount  of  coma 
in  agreement  with  the  computed  transverse  coma  of  8 pm. 

The  spot  diagram  for  a wavelength  of  10.5  pm  shows  consider- 
able coma,  but  the  width  of  the  spot  is  less  than  it  is  for 
a wavelength  of  11.5  pm. 

In  order  to  ascertain  whether  the  image  of  a point  is 
accurately  described  by  these  spot  diagrams,  the  width  of 
these  spot  diagrams  must  be  compared  to  the  diffraction 
limit.  For  a rectangular  aperture  with  width  w,  the  angular 
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Figure  14.  On-axis  spot  diagrams  with  the  focal  plane  in- 
clined at  an  angle  of  8.25°  to  the  X-axis  for 
wavelengths  (a)  10.5  pm,  (b)  11  pm,  (c)  11.5  pm 
(d)  11.75  pm,  (e)  12  pm,  (f)  12.25  pm,  and 
(g)  12.5  pm.  All  dimensions  are  in  microns 
with  each  spot  diagram  having  its  own  scale. 


distance  between  the  maximum  and  the  first  minimum  of  the 
diffraction  pattern  is  given  by  [ Jenkins  and  White,  1957] 

= A/m  . (72) 

For  the  Czerny-Turner  optical  system, 

w = J/cosg  . (73) 

In  the  mask  plane  the  linear  separation  between  the  maxi- 
mum and  the  first  minimum  is  given  by 

° = DQ d , (74) 

where  D is  the  meridional  focal  length  of  spherical  mirror  2. 
It  follows  from  liquations  ( 72),  (73),  (74),  and  the  equation 
for  the  meridional  focal  length  given  in  Appendix  F,  that 

A 7? 2 cos b 

0 2f7  cosB  ' (7  5) 

For  A equal  to  11.5  pm  and  the  parameter  values  given  in 
Tables  1 and  2,  the  diffraction  limit  a is  110  pm.  Thus, 
the  maximum  on-axis  spot  width  of  95  pm  is  less  than  the 
diffraction  limit. 

Since  the  diameter  of  the  collimated  beam  used  in  the 
ray-trace  analysis  was  71  mm,  the  value  of  L used  in 
Equation  (30)  must  be  71  mm  if  the  results  of  the  ray- 
tracing analysis  and  Equation  (30)  are  to  be  compared.  If 
71  mm  is  used  in  Equation  (30),  the  transverse  astigmatism 
nast  for  a wavelength  of  11.5  pm  is  1570  pm.  Thus,  by 
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liquation  (32),  the  length  of  the  spot  diagram  predicted 
by  the  aberration  expressions  is  3140  uni  when  the  wave- 
length is  11.5  pm.  This  length  is  two  percent  larger  than 
the  3084-pm  length  resulting  from  the  ray-tracing  analysis 
and  illustrated  in  plot  (c)  of  Figure  14. 

Spectrum  line curvature 

The  spectrum  line  curvature  was  computed  by  tracing 
quasi -princi pal  rays;  that  is,  rays  that  are  parallel  to 
ray  A in  Figure  4.  These  rays  would  be  true  principal  rays 
if  the  distance  C in  Figure  4 were  the  meridional  focal 
length  of  spherical  mirror  1.  If  this  were  the  case,  these 
rays  would  strike  the  center  of  the  grating.  The  lateral 
translation  for  several  object  heights  of  this  quasi- 
principal ray  is  tabulated  in  Table  7.  The  object  height 
is  the  Y coordinate  of  the  object  point  in  the  entrance 
slit.  For  comparison  the  lateral  translation  computed  from 
Fquation  (54)  is  also  tabulated  in  this  table.  As  shown  in 
Table  7,  the  ratio  of  the  lateral  translations  for  quasi- 
principal  rays  to  the  ana lyt ica 1 ly- computed  principal 
values  are  constant  to  within  one  percent.  Thus,  Equation 
(54)  accurately  describes  the  spectrum  line  curvature  of 
the  representative  Hadamard  spectrometer. 

As  can  be  seen  from  comparing  the  magnitude  of  the 
lateral  translations  tabulated  in  Table  7 with  the  0.110- mm 
diffraction  limit,  spectrum  line  curvature  is  a serious 
aberration.  This  aberration  increases  very  rapidly  with 
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Table  7. 


The  lateral  translation  due  to  spectrum  line 
curvature  for  several  object  heights,  Y , at 
a 11.5-pm  wavelength. 


Y 

Q 

(mm) 

Ay " of 

principal  ray 
from  F.q . (54) 

(mm) 

Ay ' of 

principal  ray 
from  ray  tracing 

(mm) 

Ray -trace  value 
An a 1 y tic  value 

9 

0.096 

0.103 

1.073 

14 

0.233 

0 .249 

1.069 

15 

0.268 

0.286 

1 .067 

19.05 

0.432 

0.462 

1 .069 

20 

0.476 

0.510 

1.071 

24 

0.685 

0 . 734 

1.072 

29 

1.001 

1.073 

1 .072 

30 

1.071 

1 .148 

1.072 

slit  height  since,  as  shown  by  liquation  (54),  the  lateral 
translation  of  point  image  is  proportional  to  the  square 
of  the  distance  above  the  optical  axis. 

Selection  of  the  slot  width 

The  slot  width  must  be  wider  than  the  resolution  limit 
of  the  spectrometer  optics,  and  it  must  allow  implementa- 
tion of  a cyclic  code.  As  shown  in  Figure  14,  the  width  of 
the  spot  diagram  for  an  on-axis  object  point  is  less  than 
95  pm  for  the  wavelength  interval  from  10.5  to  11.5  pm. 
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This  width  is  less  than  the  110-ym  diffraction  limit  for  a 
wavelength  of  11.5  vim.  Ray  tracing  reveals  that  the  images 
formed  for  wavelengths  10.5  and  12.5  ym  are  located  53  and 
59  mm,  respectively,  from  the  image  formed  for  the  11.5-ym 
wavelength.  Thus,  the  aberrations  would  allow  a field  stop 
width  of  at  least  112  mm.  However,  the  optical  components 
of  the  Minuteman  Hadamard  spectrometer  limit  the  unobstruct- 
ed focal  plane  to  104  mm.  Thus  a field  stop  length  of 
100  mm  was  selected  for  the  representative  Hadamard 
spectrometer . 

As  explained  in  Appendix  A,  cyclic  codes  exit  when  the 
number  of  encoded  spectral  elements  N satisfies  the 
following  equation: 

N = 2n- 1 , (76) 

where  n is  an  integer  greater  than  unity.  Thus,  cyclic 
codes  exist  for  N equal  to  127,  255,  511,  and  1023.  The 
required  slot  width  to  fit  these  codes  within  a field  stop 
100-mm  wide  are  tabulated  in  Table  8.  The  1023  code  was 
rejected  for  use  with  the  representative  Hadamard  spectrom- 
eter because  it  requires  a slot  width  less  than  the  110-ym 
diffraction  limit.  A 511  code,  which  requires  a slot  width 
of  196  ym,  was  selected  for  the  representative  Hadamard 
spectrometer. 
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Table  8.  Required  slot  width  required  to  fit 
N spectral  elements  within  a field 
stop  100  -mm  wide. 


Slot  width 

N 

(pm) 

127 

787 

255 

392 

511 

196 

10  2 3 

9 8 

Theoretical  Performance  of  the  Representative  Hadamard 
Spectrometer  when  Fquipped  with  Straight  Slots 

Astigmatism  and  spectrum  line  curvature  combine  to 
severely  limit  the  usable  length  of  straight  slots  for  the 
representative  Hadamard  spectrometer.  Not  only  does  the 
curvature  of  the  image  of  a straight  entrance  slit  increase 
with  the  distance  above  the  optical  axis,  but  the  width  of 
the  image  also  increases.  This  width  increase  can  be 
understood  by  studying  Figure  15.  For  a straight  entrance 
slit,  the  locus  of  principal  ray  intersection  is  a para- 
bolic curve  according  to  liquation  (53).  In  Figure  15,  the 
images  of  object  points  1 and  2 are  identified  by  1'  and 
2',  respectively.  As  can  be  seen  from  this  figure,  astig- 
matism causes  no  significant  image  broadening  at  1'  because 
the  long  narrow  image  of  point  1 is  tangent  to  the 


igure  15. 


Astigmatism  and  image  curvature 
broaden  the  image  of  a straight 
slit. 


combine  to 
entrance 
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the  image  of  point  2 


parabolic  curve.  However,  at  2' 
crosses  the  parabolic  curve.  Hence,  astigmatism  causes 
significant  image  broadening  at  2'.  As  shown  in  Figure  16, 
the  angle  of  rotation  of  the  point  image  increases  with  the 
distance  of  the  object  point  above  the  optical  axis. 

Spectrum  line  curvature  and  astigmatism  work  against  each 
other;  that  is,  the  direction  of  rotation  of  the  point 
image  is  opposite  to  that  which  would  make  the  point  image 
tangent  to  the  parabolic  curve  in  Figure  15.  Thus,  the 
width  of  the  image  increases  with  the  distance  from  the 
optical  axis. 

The  Minuteman  lladamard  spectrometer  cannot  image 
object  points  closer  than  8.2  mm  to  the  optical  axis.  This 
limitation  is  due  to  obscurations  caused  by  the  finite 
thickness  of  the  two  folding  mirrors  near  the  Hadamard  mask. 
Therefore,  the  bottom  of  the  entrance  slit  is  at  Y ^ equal  to 
8.2  mm.  Since  this  spectrometer  has  a large  amount  of 
astigmatism  and  the  bottom  of  the  usable  entrance  slit  is  a 
considerable  distance  above  the  optical  axis,  the  perform- 
ance of  this  spectrometer  when  equipped  with  straight  slots 
is  severely  limited. 

If  the  astigmatism  were  small,  the  effects  of  spectrum 
line  curvature  could  be  partially  neutralized  by  optimizing 
the  alignment  of  the  slots  with  the  spectral  images.  If 
the  slots  are  parallel  to  the  entrance  slit,  spectrum  cur- 
vature limits  the  entrance  slit  length  to  7 mm.  This  value 
for  the  entrance  slit  length  follows  from  Equation  (54),  a 
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196 -pin  slot  width,  and  the  fact  that  the  bottom  of  the 
usable  entrance  slit  is  8.2  mm  above  the  optical  axis. 

As  shown  in  part  (a)  of  Figure  17,  the  lateral  translation 
between  the  images  of  the  top  and  bottom  of  a 7 -mm  long 
entrance  slit  is  196  pm.  However,  if  the  mask  slots  are 
oriented  as  shown  in  part  (c)  of  Figure  17  instead  of  as 
shown  in  part  (b)  of  this  figure,  spectrum  line  curvature 
would  limit  the  entrance  slit  length  to  20  mm  instead  of 
7 mm.  A least  - squares  best-fit  parabola  was  fitted  to 
the  intersection  points  in  the  mask  plane  of  seven  quasi- 
principal rays.  These  rays  emanated  from  object  points 
located  between  9 and  29  mm  from  the  optical  axis.  The 
equation  of  this  parabola  is 

X ~ = - 1 . 498  x 10'3  Y"Z  , (77) 

where  the  X"Y"-coord  inatc  system  is  defined  in  Figure  18. 

The  maximum  difference  between  the  value  of  X"  computed 
from  liquation  (77)  and  the  ray  trace  data  is  1 pm.  If  the 
straight  slots  are  parallel  to  the  dashed  line  shown  in 
Figure  18,  all  the  principal  rays  from  Y"  equal  -9  mm  to 
Y"  equal  -29  mm  would  be  contained  in  one  slot  width.  The 
angle  between  this  dashed  line  and  the  Y"  axis  appears 
exaggerated  in  Figure  18  because  of  the  different  scales 
used  for  the  X"  and  flaxes.  The  true  angle  is  3.2  degrees. 
Thus,  if  the  astigmatism  were  small,  20-mm  long  straight 
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LOCUS  OF  PRINCIPAL 
RAY  INTERSECTIONS 
IN  ENTRANCE  SLIT 


INTERSECTIONS 

in  mask  plane  Lateral  translation  of  one 

(o)  slot  width  between  the  images 
of  the  top  and  bottom  of  a 
7 mm  long  entrance  slit. 


(b)  Mask  with  slots  parallel  to  entrance 
slit. 


neutralize  spectrum  line  curvature 


Figure  17.  Image  curvature  limitation  for  straight  entrance 
slit  and  straight  mask  slots  if  no  astigmatism 
were  present. 
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slots  could  be  used  provided  they  were  aligned  to  minimize 
the  effects  of  spectrum  curvature. 

The  representative  Hadamard  spectrometer  lias  a large 
amount  of  astigmatism  which  together  with  spectrum  line  cur 
vature  significantly  broadens  the  spectral  images  of  the 
entrance  slit.  An  expression  for  the  image  width  was  de- 
rived using  Figure  19.  The  image  width  Wj  was  measured 
perpendicular  to  the  tangent  line  at  point  T.  It  follows 
from  Fquation  (77)  that  j , the  angle  between  this  tangent 
line  and  the  Y-axis,  is  given  by 

L = tan'1  (-  2.996  x 10'3Y~)  , (78) 


where  Y"  is  the  Y-coordinate  at  point  T.  As 
from  Figure  19,  the  width  of  the  image  at  Y" 

WT  = Lj.  sinUj  + <fr2)  > 


can  be  seen 
is  given  by 

(79) 


where  Lj  is  the  length  of  the  image  of  a point  at  T and  ^ 
is  the  angle  between  the  Y~axis  and  this  image.  Ray 
tracing  was  used  to  ascertain  the  values  Y"  , Lj,  <J>j  , and 
<p 2 at  object  heights  of  9,  15,  and  29  mm  and  a wavelength 
of  11.5  pm.  These  values  are  tabulated  in  Table  9 together 
with  the  values  of  W j computed  from  Equations  (78)  and  (79) 
For  object  heights  of  9,  15,  and  29  mm,  the  image  widths 
are  1.5,  2.2,  and  2.7  times  larger,  respectively,  than  the 
mask  slot  width  of  196  pm.  Since  the  bottom  of  the  usable 
entrance  slit  is  at  an  object  height  of  8.2  mm,  the  image 
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Figure  19.  Geometry  used  to  derive  an  expression  for  the 
image  width. 


of  a straight  entrance  slit  is  always  wider  than  the  196  um 
slot  width,  regardless  of  how  short  the  entrance  slit  is 
made . 


Table  9.  Image  widths  and  parameters  from  which  these 
widths  were  computed  for  the  representative 
Hadamard  spectrometer  when  equipped  with 
straight  slots  and  the  wavelength  is  11.5  pm. 


y 

s 

(mm) 

7T 

(mm) 

LI 
( mm) 

*1 

(degrees ) 

*2 

(degrees ) 

WI 

(mm) 

9 

-8.302 

3.170 

1.411 

4.0 

.370 

15 

-13.955 

3.044 

2.394 

5.6 

.422 

29 

-26.747 

3.156 

4 .582 

13.0 

.926 
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In 
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spectrometer,  the  - 

curvature  of 

the  image 

of  the 

entrance  slit  is  a 

function  of 

the  image's 

location 

in  the 

field  stop. 

Thus  , 

for  optimum 

performance 

each  spec 

tral  element  requires  its  own  slot  curvature  which  could  be 
achieved  by  using  N masks  to  encode  N spectral  elements. 
However,  as  shown  in  Appendix  A,  a major  advantage  of  the 
Hadamard  code  is  that  cyclic  codes  exist  which  can  be  imple 
mented  using  a single  mask  with  2N-1  slots.  When  a single 


mask  is  used,  the  slots  are  translated  across  the  field 
stop  so  that  a typical  slot  encodes  many  spectral  elements. 
Consequently,  when  a single  mask  is  used,  it  appears  that 
the  best  compromise  is  for  all  slots  to  have  the  same 
curvature.  Thus,  the  theoretical  performance  of  the  repre- 
sentative Hadamard  spectrometer  was  analyzed  with  the  con- 
dition that  all  mask  slots  have  the  same  curvature.  The 
slot  curvature  which  maximized  the  usable  entrance  slit 
length  was  found  using  ray  tracing  data.  These  data  indi- 
cate that  for  the  optimized  slot  curvature  the  entrance 
slit  can  be  20-mm  long  when  the  slot  width  is  196  urn.  As 
shown  in  the  previous  section,  a straight  entrance  slit 
0.8 -mm  long  requires  a slot  width  of  370  pm.  Thus,  the 
entrance  slit  length  can  theoretically  be  made  at  least  a 
factor  of  ten  longer  for  curved  slots  than  for  straight 
slots.  The  optical  throughput  is  proportional  to  the 
length  of  the  entrance  slit. 

It  was  also  shown  that  the  optimum  slot  curvature  does 
not  change  significantly  for  small  changes  in  the  grating 
angle.  A grating  angle  change  that  causes  a change  in 
wavelength  from  11.5  to  9.3  pm  of  the  central  spectral  ele- 
ment was  computed  to  cause  only  a two  percent  change  in  the 
optimum  slot  radius.  Thus,  the  same  mask  can  be  used  for 
different  spectral  intervals. 


Optimization  of  slot  curvature 

The  slot  curvature  was  optimized  in  two  steps.  First, 
the  slot  curvature  was  optimized  with  the  entrance  slit 
curvature  fixed  at  the  optimum  value  for  an  Fbert 
spectrometer.  Second,  the  slot  curvature  was  optimized 
under  the  condition  that  the  radius  of  the  entrance  slit 
and  the  radius  of  the  mask  slots  were  equal.  Both  these 
steps  required  the  determination  of  whether  or  not  a given 
ray  passed  through  the  proper  slot.  This  determination  was 
made  by  computing  the  horizontal  distance  between  the  slot 
center  line  and  the  point  where  the  given  ray  intersected 
the  mask  plane.  This  horizontal  distance  was  then  compared 
to  half  the  width  of  the  slot  in  order  to  determine  whether 
or  not  the  given  ray  passed  through  the  slot.  This  hori- 
zontal distance  <i„  is  identified  in  Figure  20  for  a typical 
ray.  The  slots  were  assumed  to  be  constructed  using  the 
procedure  illustrated  in  Figure  20.  This  construction  pro- 
duces a crescent  - shaped  slot;  the  slot  width  Ws>  as  defined 
in  Figure  20,  is  constant  all  along  the  axis. 

As  shown  by  Fastie  [1952b],  the  optimum  radius  of  cur- 
vature of  the  entrance  slit  of  an  Fbert  spectrometer  equals 
the  distance  between  the  entrance  slit  and  a line  through 
the  grating  center.  For  the  representative  Hadamard  spec- 
trometer, this  distance  is  the  X coordinate  of  the  point  Gr 

w 

tabulated  in  Table  3.  Thus,  the  slot  curvature  was  first 
optimized  with  an  entrance  slit  radius  of  91.110  mm.  The 
performance  of  the  representative  Hadamard  with  an  entrance 
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figure  20.  A curved  slot. 
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slit  radius  of  91.110  mm  is  summarized  in  Figures  21,  22 
and  2 3 . 

Figure  21  is  a plot  of  the  horizontal  distance  dg  for 
principal  rays  at  three  different  wavelengths  and  an  object 
height  of  15  mm.  The  11.5  ym  wavelength  is  for  the  spec- 
tral element  at  the  center  of  the  field  stop,  and  the  10.5 
and  12.5  ym  wavelengths  are  for  spectral  elements  located 
at  approximately  the  two  opposite  ends  of  the  field  stop. 

The  required  values  of  the  slot  radius  to  make  this  hori- 
zontal distance  zero  are  90.2,  84.7,  and  77.8  mm  for  the 
wavelengths  10.5,  11.5,  and  12.5  ym,  respectively.  Best- 
fit  straight  lines  were  drawn  through  the  computed  data 
points.  As  shown  in  Figure  21,  the  mask  slot  radius  that 
minimizes  this  horizontal  distance  for  the  wavelength  inter- 
val from  10.5  to  12.5  ym  is  83.4  mm.  With  this  value  for 
the  slot  radius  and  an  object  height  of  15  mm,  the  maximum 
value  of  this  horizontal  distance  is  90  ym  which  means  that 
the  slot  width  must  be  180  ym  to  collect  the  principal  ray. 

Collection  of  the  principal  ray  does  not  ensure  that 
sufficient  energy  for  good  performance  has  been  collected; 
the  collection  of  the  entire  spot  diagram  must  be 
considered.  For  an  object  height  of  15  mm,  wavelengths  of 
10.5,  11.5,  and  12.5  ym,  and  an  entrance  slit  radius  of 
91.110  mm,  the  slot  width  required  to  collect  85  percent  of 
the  spot  diagram  is  plotted  in  Figure  22.  If  this  85  per- 
cent collection  criterion  is  used,  this  figure  indicates 
that  the  minimum  slot  width  for  proper  performance  across 
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the  entire  field  is  355  ym,  a factor  of  1.8  larger  than  the 
196  -pm  slot  width  which  would  allow  511  spectral  elements 
to  he  encoded.  This  minimum  slot  width  results  when  the 
mask  slot  radius  is  80  mm.  Since  the  bottom  of  the  entrance 
slit  is  8.2  mm  above  the  optical  axis,  the  usable  entrance 
slit  length  is  much  less  than  7 mm  when  the  slot  radius  is 
80  mm  and  the  slot  width  is  196  pro-  However,  Figure  22 
indicates  that  if  the  field  stop  were  reduced  by  roughly 
half  to  collect  wavelengths  from  10.5  to  11.5  pm,  the  re- 
quired slot  width  would  be  only  125  pm  for  a mask  slot 
radius  of  86  mm. 

The  performance  of  the  representative  Hadamard  spec- 
trometer deteriorates  significantly  if  the  object  height  is 
increased  from  15  to  25  mm.  This  deterioration  can  be  seen 
by  comparing  Figure  22  with  Figure  23.  Since  the  bottom  of 
the  usable  entrance  slit  is  8.2  mm  above  the  optical  axis, 
an  object  height  of  25  mm  corresponds  to  a entrance  slit 
length  of  17  mm.  From  Figure  23,  the  minimum  slot  width 
for  an  object  height  of  25  mm  is  725  ym,  a factor  of  3.7 
larger  than  the  196  ym  slot  width.  This  minimum  slot  width 
occurs  for  a slot  radius  of  81  mm.  The  minimum  slot  width 
for  an  object  height  of  25  mm  and  a wavelength  of  11.5  ym 
is  210  ym,  which  occurs  for  a slot  radius  of  85  mm.  Thus, 
the  usable  entrance  slit  length  for  the  central  spectral 
element  is  less  than  17  mm  if  196  ym  wide  slots  are  used. 

If  the  field  stop  width  were  reduced  to  cover  the  wavelength 


interval  from  10.5  to  11.5  uni,  the  minimum  slot  width  would 
be  265  ym,  which  would  occur  for  a mask  slot  radius  of 
86.6  mm . 

The  slot  curvature  was  next  optimized  with  the  restric- 
tion that  the  radius  of  the  entrance  slit  equaled  the  radius 
of  the  mask  slots.  The  ray-tracing  data  computed  for  this 
optimization  procedure  are  summarized  in  Figures  24  and  25. 
As  can  be  seen  from  comparing  Figure  21  with  Figure  24,  and 
Figure  22  with  Figure  25,  the  performance  of  the  representa- 
tive Hadamard  spectrometer  can  be  improved  if  the  entrance 
slit  radius  is  not  required  to  be  91.110  mm.  In  Figures  24 
and  25  the  abscissa  is  the  value  of  the  radius  of  both  the 
entrance  slit  and  the  mask  slots.  The  horizontal  distance 
plotted  in  Figure  25  is  zero  for  radius  values  of  95,  118.4, 
and  145.5  mm  when  the  values  of  the  wavelength  are  10.5, 
11.5,  and  12.5  ym,  respectively.  A slot  radius  of  125  mm 
minimizes  the  maximum  value  of  the  horizontal  distance  be- 
tween the  principal  ray  and  slot  center  line  for  the  spec- 
tral interval  10.5  to  12.5  ym.  For  this  radius  value  this 
maximum  value  is  55  ym,  which  implies  that  the  slot  width 
must  be  at  least  110  ym  to  collect  the  principal  rays  when 
the  object  height  is  15  mm. 

A more  accurate  value  for  the  required  slot  width  can 
be  found  by  considering  all  the  rays  in  the  spot  diagram, 
not  just  the  principal  ray.  The  slot  width  required  to 
collect  85  percent  of  the  spot  diagram  is  plotted  in 
Figure  25  versus  the  common  radius  of  the  entrance  slit  and 
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Figure  25.  The  required  mask  slot  width  to  collect  85  percent  of  the  spot  diagram 
versus  the  common  radius  value  of  the  entrance  slit  and  the  mask  slots 
for  an  object  height  of  15  mm. 
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the  mask  slots.  Figure  25  indicates  that  the  minimum  slot 
width  is  155  ijm  for  proper  performance  at  wavelengths  in 
the  10.5  to  12.5 -pm  interval.  This  minimum  slot  width 
occurs  when  the  entrance  slit  and  mask  slots  have  a radius 
of  125  mm.  Since  the  bottom  of  the  usable  entrance  slit  is- 
at  an  object  height  of  8.2  mm,  Figure  25  indicates  that  the 
usable  entrance  slot  width  is  longer  than  6.8  mm  for  all 
wavelengths  in  the  10.5  to  12.5-pm  interval.  The  value  of 
the  minimum  slot  width,  155  pm  as  found  from  Figure  25,  is 
a factor  of  2.3  smaller  than  the  minimum  value  found  from 
Figure  22.  Thus,  the  spectrometer  performance  was  signifi- 
cantly improved  by  using  an  entrance  slit  radius  other  than 
the  91. 110 -mm  radius  predicted  by  the  theory  of  Ebert 
spect  rome  ters . 

Unfortunately,  the  plots  in  Figures  24  and  25  were  not 
made  until  after  the  ray-tracing  phase  of  this  Hadamard- 
spectrometer  investigation  had  been  completed.  If  these 
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plots  had  been  made  earlier,  a radius  of  125  mm  would  have 
been  selected  for  further  study  instead  of  the  118.4-mm 
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radius  used.  The  118.4-mm  radius  was  selected  because  the 
horizontal  distance  between  the  slot  center  line  and  the 
principal  ray  is  zero  for  the  central  spectral  element  when 
the  slot  radius  is  118.4  mm.  This  value  is  the  point  where 
the  11.5-pm  wavelength  plot  in  Figure  24  equals  zero.  As 

- 

can  be  seen  from  Figures  24  and  25,  the  selection  of  a 
118.4  mm  instead  of  125-mm  radius  improved  the  spectrometer 
performance  for  spectral  elements  in  the  wavelength  interval 

114 


from  10.5  to  11.5  pm,  but  degrades  this  performance  for 
spectral  elements  with  wavelengths  close  to  12,5  pm.  From 
Figure  25,  a slot  width  of  200  pm  is  required  when  the 
radius  is  118.4  mm.  This  value  is  sufficiently  close  to 
the  selected  slot  width  of  196  pm. 

Originally  the  entrance  slit  was  to  be  located  as 
shown  in  part  (a)  of  Figure  26,  and  the  .data  plotted  in 
Figures  21  through  25  was  computed  using  this  entrance  slit 
location.  However,  the  Minuteman  Hadamard  spectrometer 
could  not  be  adapted  to  this  entrance  slit  location  without 
revamping  its  mechanical  construction.  It  was  decided  to 
locate  the  entrance  slit  as  shown  in  part  (b)  of  Figure  26. 
For  this  entrance  slit  location  the  slit  center  line  crosses 
the  7 axis  at  a height  of  19.05  mm  above  the  optical  axis. 
This  particular  height  was  selected  for  two  reasons.  First, 
it  allowed  imaging  of  points  29  mm  above  the  optical  axis. 
Second,  a ray  parallel  with  the  optic  axis  which  emanates 
from  a point  in  the  entrance  slit  19.05  mm  above  the  opti- 
cal axis  is  a symmetrical  ray  for  this  spectrometer;  i.e., 
this  ray  strikes  the  grating  5.414  mm  above  its  center  on 
the  dispersion  pass  and  5.414  mm  below  its  center  on  the 
dedispersion  pass.  The  equations  used  to  compute  the  X 
coordinate  for  the  object  point  in  the  entrance  slit  were 

X = V*  - y2  - Ft  (80) 
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19.05  mm 


Figure  26.  Center  line  of  entrance  slit  plotted  on  the 
coordinate  system  used  for  ray  tracing  when 
(a)  the  center  line  passes  through  the  origin 
and  (b)  when  the  center  line  crosses  the  Y 
axis  at  a height  of  19.05  mm. 


for  the  entrance  slit  locations  shown  in  parts  fa)  and  (bl 
of  Figure  26,  respectively.  The  entrance  slit  location 
shown  in  part  (b)  of  this  figure  and  H equal  to  118.4  mm 
were  used  to  compute  the  rest  of  tfic  ray- tracing  data 
reported  herein. 

In  the  final  design  the  radius  of  the  entrance  slit 
was  118.4  mm,  and  the  radius  of  the  mask  slots  was  117.6  mm. 
The  mask  slot  radius  was  changed  to  117.6  mm  because  this 
value  minimized  the  root  - mean  - square  distance  between  the 
slot  center  line  and  the  principal  ray  for  a wavelength  of 
11.5  pm  and  object  points  with  Y coordinates  in  the  0 to 
29-mm  interval.  It  was  shown  that  for  a slot  radius  of 
117.6  mm,  this  root  - mean  - square  distance  is  only  4 pm. 

The  spot  diagram  for  a wavelength  of  11.5  pm  and  a 
object  height  of  29  mm  was  found  to  be  approximately  tan- 
gent to  the  slot  with  a radius  of  117.6  mm.  For  these 
parameter  values  the  slope  of  the  spot  diagram  is  13  degrees, 
as  shown  in  Figure  16,  and  the  slope  of  the  slot  at  this 
spot  diagram  is  13.16  degrees. 


radius  of  118.4  mm  and  a mask  slot  radius  of  117.6  mm.  A 
field  stop  width  of  100.667  mm  was  used  because  the  slot 
width  of  the  masks  used  in  the  experimental  verification 
was  197  pm  and  197  pm  x 511  = 100.667  mm.  The  entrance 
slit  was  located  as  shown  in  part  (t>)  of  Figure  26.  This 
analysis  was  done  in  two  parts.  In  the  first  part  of  this 
analysis  the  grating  rotation  angle  0„  was  fixed  at 
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31.757  degrees.  For  this  angle  the  wavelength  of  the  cen- 
tral spectral  element  was  11.5  pm.  In  the  second  part  of 
this  analysis  several  values  were  used  for  the  grating 
rotation  angle.  These  values  were  the  grating  rotation 
angles  used  in  the  experimental  phase  of  this  Hadnmard  in- 
vestigation when  the  spectrometer  performance  was  checked 
using  the  0.5461-pm  mercury  line.  In  both  parts  of  this 
analysis,  the  spectrometer  performance  was  ascertained  by 
computing  the  required  slot  width  as  a function  of  entrance 
slit  length  and  spectral  element  location. 

The  data  taken  for  a grating  rotation  angle  of 
31.757  degrees  is  summarized  in  Figures  27  and  28.  The 
parameter  Y in  these  plots  is  the  Y coordinate  of  a point 
object  located  in  the  entrance  slit.  Since  the  bottom  of 
the  usable  entrance  slit  has  a y coordinate  of  8.2  mm,  the 
entrance  slit  whose  top  is  located  at  Yg  has  a length 
8.2  mm  less  than  Y . Thus,  the  plots  for  Y equal  to  the 
values  9,  14,  19,  24,  and  29  correspond  to  entrance  slit 
lengths  of  0.8,  5.8,  10.8,  15.8,  and  20.8  mm,  respectively. 
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The  parameter  is  the  height  of  a point  obiect 


The  ends  of  the  field  stop  are  identified  by  the  dashed 
lines.  The  field  stop  limits  the  spectral  passband  of  the 
spectrometer  to  the  wavelength  interval  from  10.55  to 
12.50  pm . 

The  horizontal  distance  from  the  slot  center  line  to 
the  principal  ray  is  plotted  versus  wavelength  in  Figure  27 
for  the  five  object  heights  specified  in  the  previous 
paragraph.  Figure  27  illustrates  the  excellent  match  be- 
tween the  entrance  slit  image  and  the  mask  slot  for  the 
11.5  pm  wavelength.  It  is  evident  from  this  figure  that 
this  match  deteriorates  as  the  wavelength  increases  or  de- 
creases from  the  1 1 . 5 -pm  wavelength.  This  deterioration  is 
slightly  worse  at  the  long  wavelength  end  of  the  field  stop 
than  it  is  at  the  short  wavelength  end.  The  slot  width  re- 
quired to  collect  the  chief  ray  is  twice  the  horizontal 
distance  plotted  in  Figure  27. 

The  data  plotted  in  Figures  20  through  27  was  computed 
using  the  following  method  to  locate  the  slot  center  line. 

A principal  ray  of  the  desired  wavelength  was  traced  with 
y , the  height  of  the  ray  in  the  entrance  slit,  equal  to 
zero.  The  slot  center  line  was  then  located  to  pass  through 
the  intersection  of  this  point  with  the  mask  plane.  This 
method  results  in  conservative  values  for  the  slot  width  be- 
cause the  bottom  of  the  entrance  slit  is  at  Y s equal 
8.2  mm,  not  at  Y equal  zero.  A different  method  was  used 

o 

to  locate  the  slot  center  line  for  the  data  plotted  in 
Figure  28.  For  this  data  the  slot  center  line  was  located 
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so  that  it  passed  through  the  point  where  the  principal 

ray  from  the  object  point  with  y equal  to  8.2  min  inter- 

s 

sects  the  mask  plane.  This  method  of  locating  the  slot 
center  line  results  in  slightly  smaller  values  for  the  re- 
quired slot  width.  Thus,  Figure  28  summarizes  the  most 
accurate  slot  width  values  computed  for  the  representati v 
Hadamard  spectrometer. 

The  spectral  intervals  over  which  there  is  no  degrada- 
tion in  resolution  with  a 197-pm  slot  width  is  tabulated 
for  four  object  heights  in  Table  10.  The  data  in  this  table 
was  taken  from  Figure  28,  where  the  end  points  of  these 
spectral  intervals  are  identified  with  fanthom  lines.  It 
can  be  seen  from  Table  10  that  for  an  object  height  of  19  mm, 
a entrance  slit  length  of  10.8  mm,  the  resolution  is 


Table  10.  The  spectral  interval  over  which  there  is 
no  degradation  in  resolution  for  a slot 
width  of  197  pm. 


Object 

height 

( mm) 

Fnt  ranee 
slit 

1 ength 
(mm) 

Spectra  1 interval 
(pm) 

Percentage  of 
field  stop 
within  the 
spectral  interval 

14 

5.8 

10.55 

to  12.36 

100 

19 

10.8 

10.55 

to  12.28 

96 

24 

15.8 

10.91 

to  12.02 

61 

29 

20.8 

11.16 

to  11.85 

38 
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degraded  over  only  four  percent  of  the  spectral  passband. 
The  amount  of  resolution  degradation  for  spectral  elements 
outside  the  spectral  intervals  tabulated  in  Table  10  can  be 
ascertained  from  Figure  28.  For  example,  for  an  object 
height  of  24  mm,  an  entrance  slit  length  of  15.8  mm,  and  a 
wavelength  of  12.25  pm,  the  required  slot  width  is  295  pm. 
This  slot  width  value  is  a factor  of  1.5  larger  than  the 
197-pm  wide  slot  width  of  the  experimental  mask. 

The  maximum  object  height  for  which  there  is  no  de- 
gradation in  resolution  is  plotted  in  Figure  29;  the  data 
for  this  plot  were  extracted  from  Figure  28.  The  values  of 
20.9  and  17.5  mm  at  the  short  and  long  wavelength  ends  of 
the  field  stop,  respectively,  were  determined  by  linear 
interpolation.  As  shown  in  Figure  29,  there  is  no  degrada- 
tion across  the  entire  field  stop  when  the  entrance  slit  is 
9.3-mm  (17.5  - 8.2  mm)  long.  However,  terminating  the 
entrance  slit  length  at  an  object  height  of  17.5  mm  is  not 
a good  solution  to  the  resolution  degradation  at  the  ends 
of  the  field  stop.  A much  better  solution  is  to  use  a 
20.8-mm  (29-8.2  mm)  long  entrance  slit  and  mask 
down  the  field  stop  so  that  the  maximum  object  height  at 
each  spectral  element  complies  with  Figure  29.  Of  course, 
this  masking  procedure  causes  the  spectrometer's  through 
put  to  vary  over  the  spectral  passband.  However,  this 
throughput  variation  is  not  a significant  problem  because 
the  computer  used  to  invert  the  Hadamard  spectrometer's 
measurements  can  also  be  used  to  remove  the  variation  in 


the  magnitude  of  the  recovered  spectrum  caused  by  these 
throughput  variations.  In  fact,  such  a procedure  is 
usually  necessary  in  practice,  whether  or  not  this  masking 
procedure  is  used,  because  the  transmittance  of  the  spec- 
s trometer  as  well  as  the  detector  response  are  not  usually 

constant  across  the  spectral  passband. 

The  significant  improvement  in  spectrometer  perform- 
ance resulting  from  using  curved  rather  than  straight  slots 
can  be  seen  by  comparing  Figure  29  and  Table  9.  For 
straight  slots  and  an  object  height  of  9 mm,  the  image 
width  is  370  pm.  Since  this  width  is  a factor  of  1.9 
larger  than  the  196-pm  wide  slot  used,  there  is  significant 
degradation  in  the  resolution  witli  straight  slots  even  when 
the  length  of  the  entrance  slit  approaches  zero.  At  an 
object  height  of  29  mm  the  image  width  for  straight  slots 
is  a factor  of  10.9  times  larger  than  the  slot  width  re- 
quired for  curved  slots. 

The  first  part  of  the  performance  analysis  was  done 
with  a grating  rotation  angle  of  31.757  degrees.  In  the 
second  part  of  this  analysis  the  grating  rotation  angle 
was  varied.  This  part  of  the  analysis  revealed  that  the 
* spectrometer's  performance  is  approximately  constant  for 

grating  rotation  angles  between  24.0  and  31.8  degrees. 

The  optimal  radius  for  the  central  spectral  element  was 
found  to  vary  monoton ically  from  115.43  to  117.66  mm  as 

k 

the  grating  rotation  angle  varies  from  25.14  to 
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31.76  degrees.  This  variation  in  the  grating  angle  causes 
the  wavelength  of  the  central  spectral  element  to  vary  from 
9.3  to  11.5  pm.  Thus,  for  a 21  percent  change  in  the  wave- 
length of  the  central  spectral  element,  the  change  in  the 
optimal  slot  radius  is  only  two  percent. 

It  was  desired  to  test  the  experimental  prototype- 
using  the  18-th  and  19-th  orders  of  the  Mercury  0. 5461-yin 
line.  Therefore,  the  required  slot  width  for  the  object 
heights  14,  19,  24,  and  29  mm  were  computed  at  the  grating 
angles  tabulated  in  Table  11.  The  resulting  slot  widths 
are  plotted  in  Figure  30.  The  spectral  element  numbers  run 
from  1 to  511,  where  spectral  element  number  1 is  at  the 
short  wavelength  end  of  the  field  stop.  A comparison  of 
Figures  28  and  30  reveals  that  the  spectrometer  performance 
is  approximately  constant  for  grating  angles  between  24.0 
and  31.8  degrees . 
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Table  11. 


The  g r a t i n g angles  and  wavelengths  used  to 
compute  the  data  plotted  in  Figure  30. 


- 

■ — 

Spect ra 1 

(Irat  i ng 
rot  at i on 

F i rst -order 

Order  of  Mercury 
0.5461  line 
equivalent  to 

element 

a n g 1 e 

wave  length 

first -order 

numhe r 

( degrees ) 

(pm) 

wavelength 

5 

31  . 

. 2 

10 

. 3 76 

19 

50 

30  , 

. 7 

1 0 

376 

19 

128 

29, 

. 8 

1 0 

376 

19 

255 

26, 

. 8 

p 

8 30 

18 

333 

25. 

, 9 

9 

8 30 

18 

38  7 

25  . 

, 3 

9 

8 30 

18 

4 50 

24  . 

, 5 

9 

8 30 

18 

5 0 3 

24  . 

. 0 

0 

8 30 

18 
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EXPERIMENTAL  VERIFICATION 
Experimental  Prototype  Hadamard  Spectrometer 

The  Minuteman  Hadamard  spectrometer  Model  305-HS,  whose 
design  was  analyzed  in  the  previous  chapter,  was  used  for 
the  experimental  verification. 

Masks 

A mask  with  straight  slots  and  a mask  with  a slot 
radius  of  117.6  mm  were  fabricated.  The  curved  slot  mask  is 
shown  in  Figure  31.  For  both  masks  the  slot  width  was 
197  pm  and  the  slot  length  was  20  mm.  The  mask  pattern  was 
generated  on  the  computer  using  the  algorithm  described  in 
Appendix  C,  where  the  mask  pattern  is  tabulated  in  Table  C-2. 

The  masks  were  of  the  2ff-l  type  described  in  Appendix  A, 
where  N was  511.  In  addition  to  the  slots  used  to  encode 
the  spectral  elements,  each  mask  had  511  slots  with  a width 
of  100  pm  and  a spacing  of  197  pm.  These  slots  were  used  to 
generate  a reference  signal  that  was  used  to  monitor  the 
mask  position. 

Entrance  slits 

A straight  entrance  slit  and  a curved  entrance  slit 
were  fabricated.  The  width  of  the  entrance  slits  was 
selected  to  compensate  for  the  magnification  of  the 
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Figure  31.  The  curved  slot  Hadamard  mask. 


spectrometer.  It  can  he  shown  by  making  use  of  the  grating 
equation  and  the  formula  for  the  meridional  focal  length  of 
a spherical  mirror  that  the  lateral  magnification  of  a 
Czerny-Turner  optical  system  is  given  by 


R 2 cost  cosm 
/?!  cosa  coTb 


f 82 } 


A lateral  magnification  of  1.15  was  computed  by  substituting 
the  parameter  values  tabulated  in  Tables  1 and  2 in  liqua- 
tion (82).  This  1.15  value  was  corroborated  with  ray- 
tracing data.  The  entrance  slits  were  fabricated  with  an 
entrance  slit  width  of  197  : 1.15  = 171  pm. 

Detectors 

Two  detectors  were  used.  An  IiG§Ci  IIAV  400  silicon 
photodiode  was  used  for  the  visible  radiation,  and  an 
A.D.  Little  HgCdTe  detector  was  used  for  the  infrared 
radiation.  The  HgCdTe  detector  was  optically  immersed 
giving  an  apparent  detector  size  of  4 mm  square.  The  HgCdTe 
detector  was  mounted  in  a liquid  nitrogen  dewar.  A bandpass 
filter  was  used  for  the  dewar  window.  This  bandpass  filter 
prevented  diffraction  orders  higher  than  unity  from  reaching 
the  detector.  The  relative  response  of  this  detector  filter 
combination  is  shown  in  Figure  32.  The  average  D * over  the 
wavelength  interval  from  8.1  to  13.1  pm  was  1.2  x lO^cm 
\\j}^  W'1.  The  corner  frequency  for  the  HgCdTe  detector  was 
3 kHz.  Therefore,  a chopping  wheel  that  chopped  the 
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Figure  32.  The  relative  response  of  the  HgCdTe  detector 
and  order- sorting  filter  combination. 


incoming  radiation  at  a frequency  of  4.8  kHz  was  installed 
in  front  of  the  entrance  slit.  Synchronous  demodulation 
was  used  to  recover  the  detector  signal.  The  chopper  was 
not  used  for  the  visible  wavelength  measurements  The 
120  Hz  modulation  of  the  arc  lamp  was  used  to  provide  the 
needed  modulation  for  the  synchronous  defection  technique. 

The  signal-to-noise  ratio 

As  shown  in  Appendix  A,  the  signal-to-noise  ratio  of  a 
Hadamard  spectrometer  is  a factor  /n/2  larger  than  a mono- 
chromator. Therefore,  the  signal-to-noise  ratio  of  the 
Hadamard  spectrometer  with  the  HgCdTe  detector  is 


SNR 


a e Aft  AA  L ^ D* 
[Ad  A/)  1/2 


/nr 

~1 


(83) 


where  a is  the  chopping  factor  (0.44),  e is  the  transmit- 
tance coefficient  (0.58),  Aft  is  the  throughput  (4.8  x 
10  ^ cm2  sr) , AA  is  the  spectral  resolution  (3  x 10'^  urn), 

L ^ is  the  spectral  radiance  in  W sr  cm  pm  , D*  is 
1.2  x 10^  cm  Hz^2W~1,  A/  is  the  electronic  bandwidth  in 

7 

Hz,  and  A d is  the  apparent  area  of  the  detector  (0.16  cm  ). 
Data  reduction 

The  data  reduction  was  accomplished  with  a Digital 
Equipment  Corporation  PDP-8/F.  computer.  A Fast  Hadamard 
transform  program,  which  implemented  the  algorithm  described 
in  Appendix  D,  was  written  to  recover  the  spectrum  from  the 
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encoded  measurements.  The  basic  programs  used  o recover 
the  spectrum,  HSPF.C,  PI,  FHT,  and  PRMPL,  are  listed  in 
Appendix  H.  Programs  were  also  written  to  co-add  spectra 
to  remove  the  spectral  response  curve  of  the  spectrometer 
from  the  spectrum,  and  to  plot  the  spectra.  A program  v/a- 
written  to  make  the  computer-plotter  combination  function 
in  a manner  similar  to  that  of  a triggered  osci  I loscc pe . 

This  program  was  used  to  make  the  direct-mode  measurements 
which  isolated  the  effects  of  optical  aberrations  from 
effects  due  to  other  causes. 

Fxpe r i men ta 1 Comparison  between  the  Perfo r m a nee  o f 
Curved  and  Straight  Slots 

In  order  to  obtain  the  data  for  an  experimental  com- 
parison between  the  performance  of  curved  and  straight 
slots,  the  same  measurements  were  made  both  with  curved 
slots  and  with  straight  slots.  These  measurements  indicate 
that  for  the  experimental  prototype  the  throughput  can  be 
approximately  a factor  of  ten  larger  when  curved  rather 
than  straight  slots  are  used. 

Measurement  procedure 

Two  basic  measurement  modes  were  used  to  experimentally 
establish  the  superiority  of  curved  slots  over  straight 
slots.  The  first  mode,  which  is  referred  to  as  the  direct 
mode,  ascertains  directly  the  extent  to  which  optical  aber- 
rations limit  performance.  For  the  direct  mode,  all 
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departures  from  the  ideal  measurement  are  due  to  imaging 
errors.  For  the  second  mode,  which  is  referred  to  as  the 
transform  mode,  all  sources  of  error  cause  departures  from 
the  ideal  measurement.  The  relative  performance  between 
curved  and  straight  slots  was  ascertained  by  using  both  of 
these  measurement  modes. 

In  both  the  direct  and  transform  measurement  modes  the 
emission  spectra  of  line  sources  were  measured,  and  the 
resolution  obtained  using  curved  slots  was  compared  with 
that  obtained  using  straight  slots.  These  line  sources 
were  mercury  and  sodium  arc  lamps.  The  18th  and  19th  orders 
of  the  mercury  0.5461  -um  line  and  the  17th  order  of  the 
sodium  doublet  at  0.5890  and  0.5896  pm  were  used.  These 
lines  were  isolated  by  inserting  suitable  optical  bandpass 
filters  in  the  optical  train.  The  18th  and  19th  orders  of 
this  mercury  line  provided  the  equivalent  of  first-order 
lines  at  9.830  and  10.376  pm,  respectively.  The  17th  order 
of  the  sodium  line  provided  the  equivalent  of  a doublet  at 
10.013  and  10.023  pm.  The  10  nm  separation  of  these  two 
lines  was  useful  in  demonstrating  the  resolving  power  of 
the  prototype. 

Inasmuch  as  the  optical  surfaces  were  fabricated  for 
operation  with  radiation  in  the  10  pm-range,  these  surfaces 
may  be  rough  at  the  visible  wavelengths  of  the  mercury  and 
sodium  line  sources.  Any  scattering  which  resulted  from 
rough  optical  surfaces  could  only  decrease  the  measured 
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resolving  power  of  the  prototype.  Consequently,  the  reso- 
lution measured  with  these  line  sources  is  a worst-case 
limit.  However,  scattering  did  not  appear  to  - ignif icantiy 
affect  the  resolution  for  these  line  sources. 

The  resolution  at  a particular  spectral  element  was 
measured  by  rotating  the  grating  to  locate  one  of  the^e 
spectral  lines  at  the  desired  spectral  element.  The  re- 
quired grating  position  was  determined  by  using  the  follow 
ing  procedure.  First,  the  550-th  mask  slot  was  accurately 
positioned  at  the  desired  spectral  element  by  using  the 
reference  signal.  Then  the  grating  was  rotated  until  the 
spectral  line  passed  through  slot  number  550.  The  reasons 
for  using  slot  number  550  are  given  in  the  following  dis- 
cussion of  the  direct  measurement  mode.  The  procedure  for 
positioning  slot  number  550  at  a particular  spectral  ele- 
ment was  partially  automated  by  writing  a computer  program 
to  monitor  the  reference  signal  and  indicate  when  the  mask 
was  at  the  required  location. 

The  relationship  between  the  length  of  the  entrance 
slit  and  the  resolution  of  the  prototype  was  ascertained 
by  blocking  a portion  of  the  entrance  slit  with  black  paper 
so  that  the  effective  entrance  slit  was  the  desired  length. 

The  line  spectra  were  measured  with  entrance  slit  lengths 
of  5,  10,  15,  and  20  mm.  Because  the  bottom  of  the  usable 
entrance  slit  was  9 mm  above  the  optical  axis,  these  slit 
lengths  were  achieved  by  locating  the  bottom  of  the  black 
paper  14,  19,  24  and  29  mm  above  the  optical  axis.  These 
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are  the  same  slit  length  values  that  were  used  in  the  ray- 
trace  analysis  of  the  prototype. 

A single  element  lens  was  used  to  image  the  arc  dis- 
charge onto  the  entrance  slit.  This  lens  was  selected  and 
positioned  so  that  the  entire  entrance  slit  was  illuminated 
and  the  entire  area  of  spherical  mirror  1 was  filled  with 
light.  This  imaging  arrangement  ensured  that  the  optical 
throughput  was  determined  by  the  unblocked  portion  of  the 
entrance  slit  and  the  grating. 

The  direct-measurement  mode.  In  the  direct-measurement 
mode  the  spectrum  was  measured  directly;  that  is,  no 
Hadamard  transform  was  required.  For  this  mode  all  the 
mask  slots  except  one  were  covered  with  black  paper.  The 
one  open  slot  was  translated  across  the  focal  plane  as  the 
detector  signal  was  measured.  When  the  prototype  was  oper- 
ated in  this  mode,  it  had  no  multiplex  advantage.  However, 
this  measurement  mode  allowed  a more  accurate  measurement 
of  slot  shape  effects  than  could  be  made  with  transform 
mode  measurements. 

The  mask  slot  to  be  left  open  for  the  direct  measure- 
ment mode  was  selected  using  two  criteria.  First,  the 
selected  slot  had  to  have  two  or  more  opaque  slots  on  either 
side.  This  criterion  guaranteed  that  the  edges  of  the  open 
slot  were  determined  by  the  accurately  constructed  mask  and 
not  by  the  blocking  paper.  The  two  or  more  opaque  slots  on 
either  side  of  the  open  slot  also  made  it  easier  to  install 
the  blocking  paper  without  damage  to  the  mask.  Second,  the 
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selected  slot  had  to  be  as  near  to  slot  number  511  a? 
possible.  This  criterion  maximized  the  number  of  spectral 
elements  for  which  the  resolution  could  be  measured.  Of 
the  1021  slot  locations,  slot  number  550  was  selected. 
can  be  seen  from  an  examination  of  Table  C-2  of  Appendix  C, 
this  slot  has  two  opaque  slots  on  one  side  and  five  opaque 
slots  on  the  other  side. 

Selection  of  slot  number  550  as  the  open  slot  limited 
direct -mode  measurements  to  spectral  elements  numbered  4; 
through  511.  This  limitation  is  due  to  the  fact  that  the 
mask  location  could  be  accurately  determined  from  the  sig- 
nal from  the  reference  detector  only  when  slot  number  550 
is  near  spectral  elements  40  through  511.  Due  to  the  mask 
construction  when  slot  number  550  is  located  at  spectral 
number  511,  the  reference  slot  number  40  is  aligned  with 
the  reference  stop.  Conversely,  when  slot  number  550  is  at 
spectral  element  number  40,  the  reference  slot,  slot  number 

511  is  aligned  with  the  reference  stop. 

After  the  grating  was  adjusted  to  locate  a spectral 
line  in  the  desired  spectral  element  and  the  entrance  slit 
was  masked  to  the  desired  length,  the  spectrum  was  measured 
by  slowly  translating  the  mask  while  recording  both  the 
signal  detector  and  the  reference  detector.  Only  a small 
portion  of  the  spectrum  in  the  vicinity  of  the  line  or 
doublet  was  measured.  The  computer  was  used  to  record  and 
plot  the  spectrum.  A computer  program  was  written  which 
enabled  the  computer  to  function  in  a manner  similar  to  that 


of  a triggered  oscilloscope.  As  the  mask  was  translated 
at  a constant  speed  by  means  of  a d.c.  motor,  the  voltages 
from  the  signal  detector  and  reference  detector  electronics 
were  sampled  at  a constant  rate.  The  data  were  stored  so 
that  new  data  replaced  old  data  until  the  voltage  from  the 
signal  electronics  exceeded  a trigger  level.  Then  samples 
were  saved  until  the  sum  of  the  samples  after  triggering 
plus  a predetermined  number  of  samples  taken  before 
triggering  equaled  200.  By  computing  the  period  of  the 
reference  waveform,  the  program  ascertained  the  number  of 
samples  per  slot  width  of  mask  motion.  The  spectrum,  the 
data  from  the  signal  electronics,  was  then  plotted  as  a 
function  of  mask  position. 

The  transform-measurement  mode.  The  transform - 
measurement  mode  consisted  of  operating  the  prototype  as  a 
Hadamard  spectrometer.  The  black  paper  used  in  the  direct- 
measurement  mode  to  block  all  slots  but  number  550  was 
removed.  This  measurement  mode  had  the  disadvantage  that 
only  one  value  per  spectral  element  was  recovered.  This 
disadvantage  was  ameliorated  by  interpolating  between  these 
values  by  using  the  fast  Fourier  transform  as  described  by 
Gold  and  Rader  [19691.  The  spectra  of  the  line  sources 
were  measured  with  both  curved  and  straight  slots.  The 
transform-measurement  mode  eliminated  all  simulation  and 
removed  all  need  to  extrapolate  results.  A comparison  of 
the  spectra  measured  with  the  transform-measurement  mode 
demonstrates  the  improvement  that  can  be  made  in  a state- 


139 


of-the-art  Hadamard  spectrometer  by  using  curved  rather 
than  straight  slots. 

Direct-mode  measurements 

The  instrument  profile.  The  instrumental  profile  is 
defined  [James  and  Sternberg , 1969]  as  the  measured  spec 
trum  of  a single  emission  line.  The  instrumental  profile 
of  the  prototype  when  operated  in  the  direct-measurement 
mode  was  ascertained  by  measuring  the  spectrum  of  the 
mercury  0.5461-pm  line  in  the  18th  and  19th  orders.  The 
instrumental  profile  was  measured  at  spectral  element  num- 
bers 50,  128,  255,  383,  and  500.  At  each  of  these  spectral 
element  numbers  the  instrumental  profile  for  both  straight 
and  curved  slots  was  measured  with  entrance  slit  lengths 
of  2,  5,  10,  15,  and  20  mm  for  straight  slots  and  5,  10, 

15,  and  20  mm  for  curved  slots. 

A typical  instrumental  profile  measurement  for  each 
of  the  two  slot  shapes  is  given  in  Figure  33.  This  figure 
gives  the  measurement  instrumental  profile  at  spectral  ele- 
ment number  500  with  an  entrance  slit  length  of  20  mm.  It 
is  noted  that  the  two  plots  in  Figure  33  have  different 
abscissa  scales.  The  abscissa  is  normalized  to  the  width 
of  the  exit  slot,  197  pm.  If  the  image  of  the  entrance 
slit  perfectly  matched  the  exit  slot,  the  instrumental  pro- 
file would  be  the  dotted  trinagle  shown  in  both  plots  of 
Figure  33.  As  can  be  seen  from  this  figure,  the  width  of 
the  instrumental  profile  is  approximately  five  times 
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Figure  33.  The  instrumental  profile  at  spectral  element  number  500  with  an  entrance 
slit  length  of  20  mm. 
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greater  for  straight  than  it  is  for  curved  slots  at  spec 
tral  element  number  500  with  an  entrance  slit  20-mm  long. 

Also,  the  instrumental  profile  is  essential ly  symmetrica: 
for  curved  slots,  hut  it  is  very  asymmetrical  for  straight 
slots.  An  asymmetrical  instrumental  profile  can  cause 
errors  in  measuring  the  relative  intensity  of  closely 
spaced  spectral  lines. 

The  results  of  the  instrumental  profile  measurements 
are  summarized  in  Figure  54.  In  this  figure,  the  width  of 
the  instrumental  profile  at  50  percent  of  its  peak  value 
is  plotted  versus  the  spectral  element  number  for  both 
straight  and  curved  slots.  For  straight  slots  this  width 
is  plotted  for  entrance  slit  lengths  of  2,  5,  10,  15,  and 
20  mm.  For  curved  slots  this  width  is  plotted  only  for  an 
entrance  slit  length  of  20  mm.  This  width  was  not  plotted 
for  curved  slots  and  entrance  slit  lengths  of  5,  10,  and 
15  mm  because  almost  all  the  points  lie  within  the  error 
tolerance  of  the  values  measured  for  the  20-mm  tall  en- 
trance slit.  The  superiority  of  curved  slots  over  straight 
slots  for  the  prototype  Hadamard  spectrometer  is  easily 
seen  from  Figure  34.  This  figure  shows  that  for  spectral 
elements  across  the  entire  field  stop  of  511  spectral  ele- 
ments, the  instrumental  profile  width  is  less  for  curved 
slots  with  a 20-mm  long  entrance  slit  than  it  is  for 
straight  slots  with  a 2 -mm  long  entrance  slit.  Thus,  the 
resolution  will  be  approximately  the  same  for  curved  and 
straight  slots  if  the  entrance  slit  length  is  20-mm  long 
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when  curved  slots  are  used  and  2 - mm  1 ong  when  straight 
slots  are  used.  Inasmuch  as  throughput  is  directly  prop*" 
tional  to  slit  length,  the  use  of  curved  .lots  instead  o( 
straight  slots  with  the  prototype  increases  the  throughput 
by  approximately  a factor  of  If).  figure  54  also  shows  ' , ; 
for  curved  slots  there  is  very  little  variation  in  the 
width  of  the  instrumental  profile  with  spectral  element 
n umbe r . 

The  drastic  difference  between  the  amount  of  variatio 
in  the  instrumental  profile  width  with  entrance  slit  length 
for  straight  and  curved  slots  is  illustrated  in  figure 
for  curved  slots  the  maximum  variation  in  instrumental  pro 
file  width  occurred,  as  expected,  at  the  two  extreme  ends 
of  the  field  stop.  This  variation  was  approximately  the 
same  for  spectral  element  numbers  50  and  500.  Thus,  since 
figure  55  is  for  spectral  element  number  50,  it  illustrates 
approximately  the  worst  case  variation  for  curved  slots. 

As  can  be  seen  from  figure  55,  the  worst  case  variation 
when  curved  slots  are  used  was  only  slightly  greater  than 
the  measurement  tolerance. 

A practical  resolution  limit.  The  resolution  of  the 
prototype  with  curved  slots  was  ascertained  from  the  instru 
mental  profile  measurements.  When  curved  slots  were  used, 
there  was  very  little  variation  in  the  instrumental  profile 
for  changes  in  the  spectral  element  number.  As  shown  in 
figure  54,  the  width  of  the  instrumental  profile  with 
curved  slots  was  essentially  constant  for  all  spectral 
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Figure  35.  The  width  of  the  instrumental  profile,  normalized  to  19”  um,  at  50  percent 
of  the  peak  value  for  spectral  element  number  50. 
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elements.  This  constant  property  of  the  instrumental  pro- 
file can  also  he  seen  by  comparing  the  instrumental  profiles 
i or  spectral  element  numbers  500  and  255  shown  in  Figures  73 
and  3b,  respectively.  Thus,  the  resolution  is  essentially 
constant  for  all  spectral  elements.  The  instrumental 
profile  at  spectral  element  number  255  was  used  to  compute 
the  resol ut ion . 

In  spectroscopy  there  is  no  exclusive  criterion  used 
to  decide  when  two  equal  intensity  lines  are  resolved.  The 
spectrum  of  two  lines  spaced  1.5  slot  widths  apart  is  given 
in  Figure  3b.  As  shown,  this  spacing  results  in  a dip  of 
approximately  22  percent  between  the  two  peaks.  Thus, 
lines  spaced  1.5  slot  widths  or  more  apart  will  he  clearly 
resolved  by  the  prototype  when  it  is  operated  in  the  direct- 
measurement  mode.  This  spacing  is  1.2  times  the  50  percent 
width  of  the  instrumental  profile. 

The  spectral  dispersion  per  slot  width  of  the  proto- 
type is  given  by 


2d  W cos0 
k R 2 cosF 


(84) 


where  Wi%  is  the  slot  width,  k is  the  integral  diffraction 
order,  and  d,  0,  R^  , and  b are  as  defined  in  Figure  4.  It 
follows  from  this  equation  that  for  197-hm  wide  mask  slots 
the  nominal  spectral  dispersion  of  the  prototype  is  3.5  nm 
per  slot.  Thus  spectral  lines  with  a wavelength  difference 


nes  spaced  1.5  slot  widths  apart. 


of  1.5  x 3.5  = 5 run  are  clearly  resolved  when  the  prototype 
is  operated  in  the  di rect- measurement  mode. 

Resolution  of  the  sodium  doublet.  The  spectrum  of  the 
sodium  doublet  was  measured  with  a grating  rotation  angle 
0^,  of  26.8  degrees.  This  value  of  0 r located  the  O.S89n  pm 
line  in  spectral  element  number  303.  For  this  value  of  0,,, 
it  follows  from  Equations  (1)  and  (2)  that  8 equals 
37.3  degrees.  Substituting  this  value  of  f and  k equal  to 
unity  into  Equation  (84)  yields  a spectral  dispersion  of 
3.8  nm  per  slot  width.  Inasmuch  as  these  two  17th  order 
lines  of  the  sodium  doublet  are  equivalent  to  two  first- 
order  lines  separated  by  10  nm,  these  two  lines  are  theo- 
retically spaced  2.6  slot  widths  apart.  This  spacing  is 
1.7  times  larger  than  the  practical  resolution  limit  of  1.5 
slot  widths.  Measurements  of  this  doublet  with  both  curved 
and  straight  slots  are  given  for  comparison  in  Figure  37. 

As  can  be  seen  from  plot  (a)  of  this  figure,  the  two  lines 
are  indeed  separated  by  the  computed  value  of  2.6  slot 
widths. 

A comparison  of  plots  (a)  and  (b)  in  Figure  37  reveals 
that  the  resolution  is  better  for  curved  slots  with  an  en- 
trance slit  length  of  20  mm  than  it  is  for  straight  slots 
with  an  entrance  slit  length  of  2 mm.  Thus,  these  plots 
confirm  that  the  throughput  of  the  prototype  Hadamard  spec- 
trometer can  be  made  a factor  of  ten  larger  when  curved 
rather  than  straight  slots  are  used. 
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Figure  37.  Direct-mode  measurements  of  the  sodium  doublet 
with  the  stronger  line  at  spectral  element 
number  303  with  the  following  conditions:  (a) 
curved  slots,  £ = 20  mm,  (b)  straight  slots,  l 
= 2 inn,  (c)  straight  slots,  9,  = 5 mm,  (d) 
straight  slots,  £ = 10  mm,  (e)  straight  slots, 
£ = 15  mm,  (f)  straight  slots,  £ = 20  mm.  The 
symbol  £ is  the  entrance  slit  length. 


The  order  of  the  lines  is  reversed  in  these  two  plots 
because  the  mask  was  moved  in  opposite  directions  when 
making  the  two  measurements.  Plots  (b)  through  ff)  were 
all  made  by  moving  the  mask  in  the  same  direction.  The 
apparent  reversal  of  the  order  of  the  lines  ii  plots  (d) 
and  (f)  was  caused  by  the  severe  asymmetry  of  the  instru- 
mental profile  when  a long  entrance  slit  is  used  wuth 
straight  slots. 

The  spectrum  of  the  sodium  doublet  was  measured  a.  six 
locations  across  the  field  stop.  The  sodium  doublet  spec- 
trum was  measured  with  the  0.5890  pm- 1 ine  located  in  spec- 
tral element  numbers  56,  145,  255,  505,  585,  and  496.  The 
results  with  an  entrance  slit  length  of  20  mm  are  plotted 
in  Figure  58.  The  order  of  the  lines  in  plot  (d)  is  oppo- 
site to  that  of  the  other  plots  in  this  figure  because  this 
plot  was  made  by  translating  the  mask  in  the  opposite 
direction  to  that  used  to  make  the  other  plots  in  this 
figure.  As  can  be  seen  from  this  figure,  the  resolution 
changes  only  slightly  with  spectral  element  number.  As 
predicted  by  the  theoretical  computations,  the  resolution 
is  worst  at  the  two  ends  of  the  field  stop. 

In  order  to  obtain  the  same  resolution  at  the  ends  of 
the  field  stop  as  at  the  field  stop  center,  the  entrance 
slit  length  must  be  less  than  20  mm.  The  required  slit 
length  for  spectral  element  numbers  56  and  496  was  ascer- 
tained from  measurements  of  the  spectrum  of  the  sodium 
doublet.  The  height  of  the  tallest  line,  hm„v,  and  the 
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height  of  the  dip  between  the  two  lines,  n > 
sured  for  spectra  taken  at  spectral  element  numbers  56, 

255,  and  496.  The  heights  h and  h . for  a typical 
spectrum  are  illustrated  in  part  (a)  of  Figure  39.  The 
ratio  of  to  ^max  for  slots  56  and  496  is  plotted  ver 

sus  entrance  slit  length  in  Figure  39.  For  spectral  ele- 
ment number  255  this  ratio  was  four  percent.  As  can  be 
seen  from  Figure  39,  this  ratio  is  also  four  percent  for 
spectral  element  numbers  56  and  496  when  the  entrance  slit 
length  is  10  mm. 

Thus,  to  maintain  constant  resolution  across  the 
entire  field  stop,  the  field  stop  should  be  approximately 
20-mm  tall  at  the  center  and  10-mm  tall  at  either  end.  As 
can  be  seen  from  Figure  29,  these  values  for  the  field  stop 
height  are  approximately  equal  to  the  required  values  pre- 
dicted from  the  ray-tracing  analysis.  However,  as  can  be 
seen  from  Figure  38,  the  degradation  in  the  resolution  at 
the  ends  of  the  field  stop  is  small  if  the  entire  field 
stop  is  20-mm  tall.  For  most  measurement  requirements,  the 
small  degradation  in  resolution  caused  by  using  this  field 
stop  instead  of  one  20-mm  tall  at  the  center  and  10-mm  tall 
at  either  end  would  be  an  acceptable  penalty  to  gain  the 
factor  of  two  increase  in  throughput  for  spectral  elements 
at  either  end  of  the  field  stop. 
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(c)  Spectral  element 
number  496. 


Figure  39.  The  normalized  ratio  of  the  dip  height  to  the 
maximum  spectrum  height  for  the  sodium  doublet 


Trans  form- mode  measurements 

The  instrumental  profile.  The  instrumental  profile 
was  measured  by  using  the  transform-measurement  mode  to 
measure  the  spectrum  of  the  mercury  line.  The  spectrum 
measured  with  the  18th  order  of  the  mercury  0.5461-ym  lin 
located  in  spectral  element  number  253  using  curved  slots 
and  a 20-mm  tall  entrance  slit  is  shown  in  Figure  40.  The 
ideal  instrumental  profile  is  the  dotted  triangle  in 
plot  (b)  of  this  figure.  The  width  of  the  instrumental 
profile  at  50  percent  of  the  peak  is  1.7  slot  widths.  This 
width  is  1.36  times  larger  than  the  corresponding  width 
measured  using  the  direct  measurement  mode. 

The  36  percent  increase  in  the  width  of  the  instrumen- 
tal profile  is  caused  by  errors  in  practical  implementation 
of  the  encoding  procedure.  However,  as  can  be  seen  from 
comparing  plot  fb)  of  Figure  33  with  plot  (b)  of  Figure  40, 
these  encoding  errors  are  much  less  than  the  errors  caused 
by  using  straight  rather  than  curved  slots.  Therefore,  the 
operation  of  the  prototype  when  operated  as  a Hadamard 
spectrometer  can  be  signi ficantly  improved  by  using  curved 
rather  than  straight  slots. 

A practical  resolution  limit.  As  previously  shown, 
spectral  lines  separated  by  1.2  times  the  50  percent  width 
of  the  instrumental  profile  are  clearly  resolved  in  the 
direct-measurement  mode.  Therefore,  a practical  resolution 
limit  for  the  prototype  when  operated  as  a Hadamard  spec- 
trometer is  1.2  times  the  50  percent  width  of  1.7  slots. 
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(a)  Measured  values  connected  by  straight  line  segments. 


(b)  Interpolated  spectrum. 


' Figure  40.  The  spectrum  of  the  18th  order  of  the  mercury 

L 0.5461-pm  line  measured  by  operating  the 

prototype  Hadamard  spectrometer  in  the  trans- 
form mode. 
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Thus,  a practical  resolution  limit  is  2 slot  widths.  As 
has  been  previously  shown,  the  nominal  spectral  dispersion 
is  3.5  nm  per  slot  width.  Thus,  a resolution  limit  of 
2 slots  is  equivalent  to  a wavelength  separation  of  7 nm. 

Resolution  of  the  sodium  doublet.  The  spectrum  of  h..- 
sodium  doublet  with  the  17th  order  of  the  0.5890* pm  line  in 
spectral  element  number  303  was  measured  using  both 
straight  and  curved  slots.  As  previously  shown,  the  Jit's 
of  the  doublet  are  2.7  slot  widths  apart  and  are  equivalent 
to  two  first-order  lines  with  a wavelength  difference  of 
10  nm.  Measurements  of  the  sodium  doublet  spectrum  taken 
with  straight  slots  and  entrance  slit  lengths  of  20,  15, 

10,  and  5 mm  are  given  in  Figures  41  and  42.  As  can  be 
seen  from  plot  (a)  of  Figure  41,  the  two  lines  are  not  re- 
solved with  an  entrance  slit  length  of  20  mm,  but  they  are 
resolved  with  an  entrance  slit  length  of  15  mm.  A compari- 
son of  the  spectral  plots  in  Figures  41  and  42  shows  that 
for  straight  slots  the  resolution  improves  as  the  length  of 
the  entrance  slit  is  decreased.  The  line  that  appears 
strongest  in  plot  (b)  of  Figure  41  is  actually  the  weakest 
line  of  the  sodium  doublet.  As  shown  in  plot  (e)  of 
Figure  37,  this  same  error  was  measured  in  the  direct- 
measurement  mode  when  the  entrance  slit  was  15-mm  long. 

This  error  is  caused  by  the  severe  asymmetry  of  the  instru- 
mental profile  for  long  straight  slots. 

The  spectrum  of  the  sodium  doublet  measured  with 
curved  slots  and  a 20-mm  long  entrance  slit  is  plotted  in 
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Figure  43.  A comparison  of  plot  fh)  of  Figure  42  with 
Figure  43  reveals  that  the  resolution  of  the  prototype  is 
better  when  curved  slots  and  an  entrance  slit  length  of 
20  mm  are  used  than  when  straight  slots  and  an  entrance 
slit  length  of  5 mm  are  used. 

Measurement  of  a Representative  I n f r a r e d Spectrum 

It  was  established  in  the  previous  section  that  the 
throughput  of  the  prototype  could  be  increased  by  a factor 
of  ten  by  using  curved  rather  than  straight  slots.  This 
was  established  from  measurements  of  the  17th,  18th,  and 
19th  orders  of  visible  emission  lines,  which  simulated 
infrared  emission  lines.  The  resolution  of  the  prototype 
spectrometer  when  equipped  with  curved  slots,  w'hich  was 
demonstrated  in  these  measurements,  was  corroborated  by 
measurements  of  an  actual  infrared  spectrum.  Lines  in  this 
infrared  spectrum  with  a wavelength  separation  of  9 nm  were 
resolved.  These  infrared  measurements  are  reported  and 
discussed  in  this  section. 

Measurement  procedure 

The  absorption  spectrum  of  ammonia  was  selected  for 
measurement  because  it  has  several  absorption  lines  in  the 
9 to  13 -pm  wavelength  interval  that  are  sufficiently  close 
together  to  test  the  resolution  of  the  prototype.  The 
ammonia  spectrum  was  measured  by  operating  the  prototype 
as  a Hadamard  spectrometer  only;  the  direct-measurement 
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Figure  43.  Transform-mode  measurements  of  the  sodium 
doublet  with  curved  slots  and  a 20-mm  long 
entrance  slit. 
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mode  was  not  used.  The  equipment  configuration  is  shown 
in  Figure  44.  The  control  console  for  the  prototype 
Hadamard  spectrometer  is  shown  in  the  foreground  of 
Figure  44.  An  optical  system  consisting  of  two  germanium 
lenses,  a 10 -cm  long  absorption  cell,  and  a temperature- 
regulated  blackbody  was  used  to  provide  the  infrared 
radiation  for  measurement  by  the  prototype  Hadamard 
spectrometer.  The  optical  throughput  of  this  optical  sys- 
tem was  greater  than  that  of  the  prototype  Hadamard  spec- 
trometer so  that  the  throughput  of  the  combination  of  this 
optical  system  with  the  prototype  was  determined  by  the 
prototype.  The  effective  length  of  the  entrance  slit  was 
20  mm.  The  HgCdTe  detector  system  described  previously 
was  used.' 

The  ammonia  gas  was  contained  in  the  absorption  cell 
at  a pressure  of  one  atmosphere.  The  concentration  of 
ammonia  was  controlled  by  mixing  it  with  argon.  The  con- 
centration was  adjusted  by  trial  and  error  until  the  spec- 
trum resembled  the  ammonia  spectrum  measured  at  a pressure 
of  50  mm  of  mercury  given  by  the  International  Union  of 
Pure  and  Applied  Chemistry  [1961]. 

The  variation  with  wavelength  of  the  blackbody  radia- 
tion and  of  the  spectrometer  response  was  removed  from 
the  ammonia  spectrum.  This  removal  was  accomplished  by 
multiplying  the  measured  ammonia  spectrum  by  the  reciprocal 
of  the  spectrum  measured  with  the  absorption  cell  filled 
with  argon. 
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The  measured  ammonia  spectrum 

The  8.8  to  12.3-pm  wavelength  region  of  the  ammonia 
absorption  spectrum  was  measured.  The  8.8  to  10. 7. pm  • 
interval  was  measured  using  one  grating  setting,  and  the 
10.6  to  12.3-pm  interval  was  measured  using  a second 
grating  setting.  The  spectrum  obtained  in  these  two  inter- 
vals using  a 20-second  observation  time  is  plotted  in 
Figures  45  and  46,  respectively.  The  wavelengths  of  the 
absorption  lines  that  are  identified  with  numbers  in  these 
two  figures  were  established  by  comparing  these  figures 
with  the  ammonia  spectrum  given  by  the  International  Union 
of  Pure  and  Applied  Chemistry  [1961].  These  wavelengths 
are  tabulated  in  Table  12. 

Coadding,  the  po i n t - by-po i nt  addition  of  repeated 
measurements  of  the  spectrum,  was  used  to  verify  that  the 
lines  were  not  noise  spikes.  The  spectrum  resulting  from 
nine  coadditions  of  20-second  measurements  of  the  8.8  to 
10.7-pm  interval  of  the  ammonia  spectrum  is  given  in 
Figure  47.  Similarly,  Figure  48  shows  the  results  of  ten 
coadditions  for  the  10.6  to  12.3-pm  interval.  As  can  be 
seen  by  comparing  Figure  45  with  47,  and  Figure  46  with 
Figure  48,  coadding  does  not  produce  a significant  change 
in  the  appearance  of  the  numbered  lines.  Thus,  these 
lines  are  not  random  noise  spikes. 

The  practical  resolution  of  the  prototype  can  be 
ascertained  from  Figures  45  through  48  and  Table  12.  Lines 
Lines  8 and  9,  which  are  separated  by  11  nm , are  clearly 


The  absorption  spectrum  of  ammonia  at  a pressure  of  one  atmosphere  and 
temperature  of  25  degrees  Celsius  measured  over  th  8.8  to  10.7- pm  wave 
length  interval  using  the  prototype  spectrometer  in  the  . rn  ' fin  mode 
with  an  observation  time  of  20  seconds. 


Results  of  coadding  nine  measurements  of  the  10.6  to  12.3-ym  wavelength 
interval  of  the  ammonia  absorption  spectrum. 


Table  12.  Wavelengths  of  absorption  lines  identified  in 
Figures  45,  46,  47,  and  48.  These  wavelength 
values  were  computed  by  converting  the  wave- 
number  values  given  by  the  International  Union 
of  Pure  and  Applied  Chemistry  [1961]  to  wave- 
length values. 


Li  ne 
number 

Wave  length 
(pm) 

Line 

number 

W'avel  eng th 

Cum) 

1 

8 . 767 

25 

9.737 

2 

9.912 

26 

9.889 

3 

8.949 

27 

9.926 

4 

9.003 

28 

10.075 

5 

9.027 

29 

10.506 

6 

9.063 

30 

10.534 

7* 

9.118 

31 

10.546 

7* 

9.123 

32 

10.666 

8 

9.132 

33 

10.685 

9 

9.143 

34 

11.011 

10 

9 .159 

35 

11.211 

1 1 

9.179 

36 

11.261 

12 

9.220 

37 

11.460 

13 

9.29  5 

38 

' 11.472 

14 

9.310 

39 

11.523 

15 

9.323 

40 

11.714 

16 

9.341 

41 

11 . 727 

17 

9.363 

42 

11.747 

18 

9 . 385 

43 

11.797 

19 

9.496 

44 

11.979 

20 

9.510 

45 

11.990 

21 

9 . 530 

46 

12.011 

22 

9.557 

47 

12.038 

23 

9.689 

48 

12.082 

24 

9.705 

49 

12.247 

* 

Line  7 is 

an  unresolved  equal 

intensity 

doublet . 

resolved.  Line  7 is  an  unresolved  equal  intensity  doublet 
whose  lines  are  separated  by  5 nm.  The  spectral  interval 
between  line  8 and  the  nearest  line  of  this  doublet  is 
9 nm.  Thus,  the  resolution  of  the  prototype  lladamard 
spectrometer  is  better  than  9 run  but  worse  than  5 nm. 

Lines  14  and  15  are  separated  by  15  nm.  The  spectral  in- 
terval between  lines  50  and  31  is  12  nm.  I.ines  40  ‘and  41 
have  a wavelength  separation  of  13  nm.  Judging  from  the 
manner  in  which  the  lines  discussed  in  this  paragraph  are 
resolved,  it  can  be  concluded  that  the  practical  resolu- 
tion of  the  prototype  is  better  than  10  nm  for  all  spec- 
tral elements.  This  conclusion  agrees  with  the  measure- 
ments made  of  the  sodium  doublet,  which  had  an  apparent 
separation  in  the  17th  order  of  10  nm. 
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The  optical  throughput  of  a Hadamard  spectrometer  can 
be  significantly  larger  with  optimally  curved  slots  than 
with  straight  slots.  For  the  representative  Hadamard  spec- 
trometer analyzed  in  this  investigation,  the  improvement 

was  a factor  of  ten.  This  improvement  results  because  the  , 

I 

effects  of  astigmatism  and  spectrum  line  curvature  can  be 
minimized  by  using  curved  slots. 

Ray-tracing  methods  are  appropriate  for  optimizing 

the  slot  curvature  for  Hadamard  spectrometers.  The  experi-  \ 

j 

mentally  measured  performance  of  the  representative  Hadamard  ! 

spectrometer  with  both  straight  and  curved  slots  was  shown 

to  agree  with  the  performance  predicted  by  analytic  and  ray-  i 

tracing  procedures.  ] 

A 

The  resolution  degradation  caused  by  straight  slots  is  I 

much  greater  than  the  resolution  degradation  from  other  ‘ 

causes . 

The  Hadamard  spectrometer  can  be  used  to  make  spectral 
measurements  of  practical  value.  The  ammonia  absorption 
spectrum  was  measured  in  the  9 to  13-pm  wavelength  interval 
using  20-mm  tall  slots. 

When  considering  whether  to  use  a Hadamard  spectrometer 
to  make  a spectral  measurement,  the  following 
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characteristics  of  Madamard  spectrometers  are  appropriate 
for  consideration: 

(1)  The  lladamard  spectrometer  is  rugged. 

(2)  Mechanical  tolerances  can  be  on  the  order  of 
0.001  inches. 

(3)  Data-handl ing  requirements  do  not  increase  as 
the  resolution  increases.  The  resolution  of  a 
lladamard  spectrometer  can  he  increased  by  using 
a higher  dispersion  grating,  but  the  data- 
handl  ing  requirements  depend  only  on  the  number 
of  spectral  elements  encoded. 

(4)  Specific  spectral  elements  can  be  prevented  from 
reaching  the  detector  by  using  a suitable  field 
stop.  This  characteristic  can  be  helpful  when 

it  is  necessary  to  measure  weak  lines  located  be- 
tween strong  lines. 

(5)  The  dynamic- range  requirement  on  the  data  elec- 
t ron i cs  is  sma 1 1 . 
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Appendix  A 

Hadamard  Spe c t roscopy 

The  intent  of  Hadamard  spectroscopy  is  to  increase  the 
sensitivity  of  dispersive  spectrometers  hv  using  encoding 
masks  based  on  Hadamard  matrices  to  encode  the  optical 
energy.  In  a singly-encoded  Hadamard  spectrometer  either 
the  entrance  or  exit  slit  of  a conventional  dispersive 
spectrometer  is  replaced  with  a Hadamard  encoding  mask  to 
produce  a spectrometer  with  the  multiplex  advantage.  In  a 
doubly-encoded  Hadamard  spectrometer  both  the  entrance  and 
exit  slits  are  replaced  with  Hadamard  encoding  masks  in 
order  to  also  provide  either  spatial  resolution  or  increased 
throughput . 

Hadamard  encoding  masks 

Hadamard  encoding  masks  are  based  upon  Hadamard  matrices. 
Hadamard  matrices  [ Hadamard , 1893;  harmuth,  1972]  are  square 
matrices  whose  elements  are  +l's  and  -l's  and  which  satisfy 

HHT  = NI  , (A- 1 ) 

rn 

where  fi  is  a Hadamard  matrix,  H is  the  transpose  of  H,  I is 
the  identity  matrix  and  IF  is  a scalar  equal  to  the  rank  of 
the  matrix  H.  It  follows  from  Equation  (A-l)  that  the  rows 
of  a Hadamard  matrix  are  orthogonal.  As  shown  by  Sloane  et  al. 
[1969],  multiplication  of  a row  vector  by  a Hadamard  matrix 
can  be  physically  implemented  using  a mask  with  transparent 
and  reflecting  areas.  The  reflecting  areas  correspond  to 
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} 

I 

the  +l's  of  the  Hadamard  matrix,  and  the  transparent  areas 
correspond  to  the  -l's. 

For  the  general  Hadamard  matrix,  N different  masks  are 
required  to  physically  implement  the  multiplication  of  a row 
vector  by  a Hadamard  matrix.  However,  there  exists  a subset 
of  Hadamard  matrices  for  which  this  multiplication  can  be 
implemented  with  a single  mask.  This  significant  reduction 
in  the  number  of  masks  required  results  because  the  NxN 
matrices  in  this  subset  of  Hadamard  matrices  contain  cyclic 
(P-l)  x (W-l)  submatrices.  For  the  matrices  in  this  subset 
of  Hadamard  matrices,  the  elements  in  the  first  row  and  first 
column  are  all  +l's.  An  8x8  Hadamard  matrix  which  belongs  to 
this  subset  is  shown  in  part  (a)  of  Figure  A-l.  The  7x7  sub- 
matrix contained  within  the  dotted  lines  in  (a)  is  cyclic; 
that  is,  each  row  is  a cyclic  shift  left  of  the  row  above. 

Matrices  belonging  to  this  subset  exit  if  N is  a multiple  of 
4 and  if  at  least  one  of  the  following  conditions  [Sloane 
etal.,  1969]  are  satisfied: 

(1)  N - p+ 1,  where  p is  a prime  number, 

C 2 ) N = p(p  + 2)  + 1,  where  p and  p + 2 are  prime  numbers, 

(3)  N = 2^ , where  p is  an  integer. 

Since  the  rows  of  the  (tf-1)  x (N- 1)  cyclic  submatrix  are  inde- 

pendent, this  cyclic  submatrix  can  be  used  to  encode  #-l 

V 

components.  In  this  appendix  this  cyclic  submatrix  is  called 
the  G matrix.  Multiplication  by  either  the  H matrix  or  the 
G matrix  can  be  physically  implemented  using  masks  with 
transparent  and  reflecting  areas. 
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A 8x8  Hadamard  matrix.  The  submatrix  within  the  dotted 
lines  is  a G matrix. 
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The  corresponding  7x7  cyclic  S matrix 
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Implementation  of  the  cyclic  matrix  in  part  (b) 


Figure  A-l.  Relationship  between  Hadamard  matrices  and 
Hadamard  encoding  masks. 
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Hadamard  masks  with  reflecting  and  transparent  region: 
have  not  been  used  in  practice.  Instead,  the  Hadamard  masks 
have  been  constructed  with  transparent  and  opaque  areas. 
These  transparent  - opaque  masks  implement  the  multiplication 
of  a matrix  derived  from  the  cyclic  G matrix  described  in 
the  previous  paragraph.  This  matrix  is  formed  from  the  G 
matrix  by  replacing  each  +1  with  a 0 and  each  -1  with  a +1 
Obviously,  this  new  matrix  is  cyclic.  In  this  appendix  this 
matrix  of  0's  and  +l's  is  called  the  S matrix.  The  relation 
ship  between  the  H,  G,  and  S matrices  is  illustrated  in  part 
(a)  and  (b)  of  Figure  A-l.  In  part  (c)  of  this  figure,  a 
mask  and  optical  stop  suitable  for  encoding  optical  energy 
according  to  the  S matrix  of  part  (b)  is  shown.  The  trans- 
parent and  opaque  slots  correspond,  respectively , to  l's  and 
0's  in  the  matrix.  For  the  mask  position  shown  in  this 
figure,  the  section  of  the  mask  over  the  open  area  in  the 
optical  stop  corresponds  to  the  first  row  of  the  matrix.  If 
the  mask  is  shifted  one  slot  width  to  the  left,  the  section 
of  the  mask  over  the  open  aiea  of  the  optical  stop  corres- 
ponds to  the  second  row  of  the  matrix.  It  follows  that  mul- 
tiplication by  the  N rows  of  a s matrix  can  be  accomplished 
by  shifting  a single  mask  N- 1 times.  The  total  length  of 
the  encoding  portion  of  this  single  mask  is  2N-1  slot  widths 
wide.  If  the  code  were  not  cyclic,  N masks  each  with  an 
encoding  area  N slots  wide  would  be  required.  Thus,  the 
cyclic  property  of  the  S matrix  is  of  great  practical 
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significance.  For  large  values  of  N,  this  cyclic  property 
makes  Hadamartl  spectroscopy  practical. 

Sing ly -encoded  Hadamard  spectrometers 

Schematic  representations  of  the  two  basic  types  of 
singly-encoded  Hadamard  spectrometers  are  shown  in 
Figure  A-2.  In  part  (a)  of  this  figure  the  spectrum  is 
formed  in  the  plane  of  the  mask;  the  spectrum  is  encoded 
by  the  mask,  and  the  energy  is  collected  onto  the  detector. 
The  components  following  the  mask  form  a white- light  image 
of  the  entrance  slit  minimizing  the  required  detector  size. 
The  configuration  shown  in  part  (h)  of  Figure  A-2  produces 
the  same  result  without  requiring  dedispersion,  but  it  can 
only  be  used  with  an  extended  source. 

An  expression  giving  the  s i gna 1 - to- no i se  ratio  advan- 
tage of  a single-encoded  Hadamard  spectrometer  over  a 
monochromator  for  the  H,  G and  S encoding  matrices  can  be 
derived  by  using  the  method  of  Nelson  and  Fredman  | 197  0}  . 
The  encoding  implemented  with  a s i ng 1 y - encoded  Hadamard 
spectrometer  can  be  mathematically  described  by 


ml 

all  • 

r 

Xl 

nl 

• 

= 

• 

• 

+ 

• 

.atfl  • 

• aNN. 

*N. 

.nN. 

where  . . . , are  the  measurements,  {a^.  .}  is  the  encoding 

matrix,  x^  , ...,  x^  are  the  intensities  of  the  N spectral 
elements,  and  , ...,  represent  the  noise  or  uncertainty 
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Figure  A-2. 


Basic  types  of  singly-encoded  Hadamard 
spectrometers  . 
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associated  with  each  measurement.  If 


(b..)  ^ (a..}'1  , 

ij 


( A-  3 ) 


then  estimates  of  the  spectral  intensities  are  given  by 
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(A- 4) 


If  there  is  no  measurement  noise,  then  the  estimated  and 
actual  spectral  intensities  are  equal.  If  there  is  measure- 
ment noise,  then  the  estimate  of  the  intensity  of  the  i-th 
spectral  element  is  corrupted  by  the  amount 


b . , n,  + ...  + b . n„  . 

zl  l zN  N 


(A-  5) 


Since  the  above  expression  results  from  a noise 
process,  it  can  best  be  described  statistically.  If 

, . . . , n are  assumed  to  be  uncorrelated  random  variables 
with  zero  means,  the  standard  deviation  of  this  expression 
is  given  by 


V^i^i2!  + + b\^n^ 


(A-6) 


where  the  notation  £[  ] denotes  the  expected  value.  If 
2 

E[n.  ] = cr  for  i - 1,  ...,  N,  the  Expression  fA-6)  can 
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be  written  as 
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Ihus,  the  s igna 1 - to -noi se  ratio  of  a detector -noise- li mi  ted 
singly-encoded  Hadamard  spectrometer  is 
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The  signal-to-noise  ratio  of  a detector-noise- limited 
monochromator  is 


SNR, 


Monochromator 
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(A-  9) 


It  follows  from  Equations  (A-8)  and  (A-9)  that  for  the 
f-th  spectral  element 
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Equation  (A- 10)  assumes  that  the  conditions  are  equal  for 
both  the  singly-encoded  Hadamard  and  the  monochromator; 
that  is,  the  same  detector  is  used  for  both  spectrometers, 
the  slots  in  the  Hadamard  mask  are  the  same  length  as  the 
exit  slit  of  the  monochromator,  etc.  Equation  (A-10)  is 
valid  for  any  s ingly -encoding  matrix;  it  is  only  necessary 


to  use  the  appropriate  inverse  matrix  {b.  .}. 

I'd 
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It  follows  from  Equation  (A-l)  that  the  inverse  of  the 


H matrix  is  given  by 

H~l  = \hT  . (A- 11) 

Thus,  the  absolute  value  of  every  element  of  H ^ equals  1 /N. 
Therefore  by  Equation  (A-10) 


^Singly-encoded  Hadamard 
with  the  fl-matrix  code 

S NR 

Monochromator 


C A- 12) 


The  inverse  of  the  G matrix  is  given  by  [Sloane  et  al . , 
1969] 


1 

N+ 1 


tcT  - J) 


C a - 1 3 ) 


where  N is  a scalar  equal  to  the  dimension  of  G and  J 
is  an  NxN  matrix  of  +l's.  Since  the  H matrix  has 
an  equal  number  of  +l's  and  -l's  in  every  column  except  the 
first  and  the  G matrix  is  derived  from  the  H matrix  by 
deleting  the  first  row  and  column,  each  row  of  G has 
(A/+l)/2  elements  equal  to  -1  and  (A/+1)  /2  -1  elements  equal 
to  +1,  where  N is  the  dimension  of  the  G matrix.  By  using 
this  fact  in  conjunction  with  Equation  ( A- 1 3 ) , it  follows 
that  each  row  of  G * contains  (W+l)/2  elements  equal  to 
-2/(/V+l)  and  0+l)/2-l  elements  equal  to  zero.  Substituting 
these  values  into  Equation  (A-10)  yields 
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The  values  computed  using  Equation  (A-10)  for  the  H,  G,  and 
5 matrices  are  tabulated  in  Table  A-l. 


Table  A-l.  A signal - to-noise  ratio  comparison  between 
singly-encoded  Hadamard  spectrometers  with 
codes  based  on  H,  G,  and  S matrices  and  a 
monochromator . 
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Doubly-encoded  Hadamard  spectrometers 

Doubly-encoded  Hadamard  spectroscopy  is  implemented 
by  replacing  both  the  entrance  and  exit  slits  of  a dis- 
persive spectrometer  with  Hadamard  encoding  masks.  If  M 
entrance  and  N exit  slot  locations  are  encoded,  there 
are  MN  unknowns.  These  MN  unknowns  can  be  represented  by 
an  MxN  matrix 


X11  X\N 


XM 1 ' ' ’ XMN 


(A- 16) 


where  a;  . . is  the  energy  passing  through  the  i-th  entrance 
T'J 

and  the  j-th  exit  slot.  In  order  to  determine  these  MN 
unknowns,  MN  measurements  must  be  taken.  These  MN  measure- 
ments can  be  taken  by  placing  the  entrance  and  exit  masks 
in  M and  N positions,  respectively.  The  measurement  taken 
with  the  entrance  and  exit  masks  in  positions^,  k and  l , 
respectively,  can  be  represented  by 

mkl  = dk\^X\\e\l  + •••  + x\ NeNl^ 

+ + dkM{xM\ell  + + xMNeNl)  + nkl  ’ 

(A- 17) 

where  is  1 or  0 depending  on  whether  the  r-th  exit  slot 

location  is  open  or  closed,  respectively,  with  the  exit 
mask  in  position  l,  and  d^s  is  1 or  0 depending  on  whether 
the  s-th  entrance  slot  location  is  open  or  closed, 
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respectively,  with  the  entrance  mask  in  position  k,  and 
is  the  noise  associated  with  the  measurement.  The  expres- 
sions within  the  parentheses  represent  the  coding  at  the 
exit  plane  while  the  d coefficients  represent  the  en- 
coding at  the  entrance  plane. 

By  using  the  notation  defined  above,  the  operation  of 
a doubly-encoded  Hadamard  can  be  described  by  the  follow- 
ing matrix  equation 


mll  • • • m\N 


mM\  * 


m 


MN 


’dn  • 


1 M 


L A/1  ' • ‘P/Mj 


11  • ' • 1 N 


XM 1 • • • XMN 


11  • • • el N 


eNl  ’ • - eNN 


If 


and 


ViJ1  ‘ <Vl 


11  • • • IV 


L nMi  • • ■ V/j 


CA-18) 


(A-19) 


(A- 20) 


then  estimates  of  the  MN  unknowns  are  given  by 
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Thus  , 


x 


ij 


= Xfj  + fii^nn9ij  + •••  + 


l/F.Vj 

+ fiM{nM\VU  + 


nMN9Nj -*  • 


(A- 22) 


The  first  term  on  the  right  is  the  true  signal;  all  the 
other  terms  are  noise.  Within  each  parentheses  there  are  N 
terms  and  there  are  M sets  of  parentheses.  Consequently, 
the  noise  consists  of  NM  terms  of  the  form 


^rs  ntu  9 vw  (A-23) 

Therefore,  if  the  random  variables  n^. , i = 1,  ...,  M, 

3 - 1,  ...,  N,  are  assumed  to  be  independent,  then  the  stand- 
ard deviation  of  the  noise  equals  the  square  root  of  the  sum 
of  the  expected  values  of  the  squares  of  NM  terms  of  the  form 
given  in  Expression  (A-23).  For  all  doubly-encoded  Hadamard 

spectrometers  reported  in  the  literature,  {d . and  {e  . .} 

13  tj 

are  S matrices.  Consequently,  in  this  appendix  it  is  assumed 

that  {d . .}  and  {e  . .}  are  S matrices.  Therefore,  the  absolute 
IQ 

value  of  the  elements  of  {/..}  and  {<?..}  are  2/(M+l)  and 

T'J  rj 

2/(W+l),  respectively.  If  E[nij.]  = for  i = 1,  ....  m 

and  j = 1,  Ny  the  standard  deviation  of  Equation  iA-22) 

equals 


'nm\mn  f/V+l)  (W+1)J 


4 /NM  o 

NM 

(w+l) (w+i) 


4a 


NM 


' NM 


(A- 24) 


Thus,  the  s ignal - to-no ise  ratio  of  a doubly-encoded  Hadamari 
spectrometer  with  a 5-matrix  code  is  given  by 


C A/D  — J f 

Doubly- encoded  Hadamard  4o  ' ' - ' ‘ : 5 1 

. . , ' _ . , AS * 7// 

with  5-matrix  code 

For  detector-noise- limited  conditions,  the  signal-to- 
noise  ratio  of  an  instrument  that  measures  each  of  the  v: 
unknowns  in  turn  is  given  by 

x ■ . 

“'"Sequent  ial  ~ a mm  * (A-_6) 

Thus,  the  gain  resulting  from  using  a doubly-encoded 
Hadamard  instead  of  a sequential  instrument  is  given  by  the 
ratio  of  Equation  (A-25J  to  Equation  (A-26).  This  ratio 
reduces  to 


S ^Doubly-encoded  Hadamard 

SNR„  1 

Sequential 


/NM 
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(A- 27) 


If  it  were  possible  to  use  5-matrix  encoding,  this 
ratio  would  be  /NM . It  is  obvious  that  double-encoding  is 
very  similar  to  the  singly-encoded  case  except  that  NM  un- 
knowns are  encoded.  This  doubly-encoded  method  yields 
a spectrum  for  each  entrance  slot:  that  is,  x ...  , x • 
is  the  spectrum  of  the  energy  falling  on  the  i-th  entrance 
slot  location. 
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In  an  ideal  dispersive  spectrometer  the  spectrum  shifts 
one  location  when  the  entrance  slot  is  shifted  one  location. 


I 


t 


Therefore,  x..  is  the  same  wavelength  as  xh1  if  (i-j)  = 

( k-l ).  This  means  that  the  wavelength  along  each  diagonal 
of  the  matrix  {x..}  is  constant.  For  example,  the  wave- 

ij 

length  along  each  diagonal  line  in  the  following  .1x6  matrix 
is  constant: 


(A- 28) 


Since  an  MXN  matrix  has  M+N-l  diagonals,  M+N-l  spectral 
elements  are  estimated.  The  number  of  estimates  of  each 
spectral  element  is  the  number  of  elements  in  the  diagonal. 
If  the  energy  falling  on  the  entrance  mask  is  homogeneous, 
a common  spectrum  with  an  improved  s ignal - to -noise  ratio  can 
be  formed  by  summing  the  estimates  of  each  spectral  element. 
That  is  accomplished  by  summing  each  diagonal  of  the  esti- 
mate matrix  {a:..}.  The  resulting  signal-to-noise  ratio 
'I'O 

improvement  of  a spectral  element  is  given  by  the  square 
root  of  the  number  of  estimates  summed.  Since  a MxN  matrix 
has  N-M+l  diagonals  that  have  M elements,  summing  improves 
the  signal-to-noise  ratio  for  the  N-M+l  spectral  elements 
corresponding  to  these  diagonals  by  a factor  of  /M . Thus, 
multiplying  Equation  (A-25)  by  /M  gives  the  signal-to-noise 
ratio  of  these  N-M+l  spectral  elements 
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for  N-M+ 1 spectral  4a.,, " 

elements  of  a 

doubly- encoded  Hadamard 


(A- 29} 
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For  example,  the  3x6  matrix  of  (A-28)  has  M+N-l  = 3+6-1  - 8 
diagonals  and  N-M+ 1 = 6-3+1  = 4 diagonals  with  three  ele- 
ments each. 

A bound  on  the  signal - to-noise  ratio  resulting  from 
summing  all  estimates  of  each  of  the  N central  spectral 
elements  can  be  established  using  the  following  procedure. 

In  an  MxN  matrix  the  first  diagonal  to  the  right  of  the 
central  N-M+l  diagonals  has  M- 1 elements,  the  second  M-  2, 
and  so  on.  A similar  relationship  is  true  for  diagonals  to 
the  left  of  the  central  N-M+l  diagonals.  Thus,  the  fe-th 
diagonals  to  the  right  and  left  of  the  central  N-M+l  diag- 
onals have  M-k  elements.  The  N most  central  diagonals  con- 
sist of  N-M+l  central  diagonals  each  with  M elements  plus 
(M- 1 ) / 2 diagonals  to  the  immediate  right  of  the  central 
diagonals  and  (M-l)/2  diagonals  to  the  immediate  left  of 
the  central  diagonals.  Thus,  when  measuring  the  N central 
spectral  elements,  the  minimum  number  of  estimates  of  these 
N spectral  elements  is  M-(M- 1 ) / 2 = (M - 1 ) / 2 . The  product  of 
Equation  (A-25)  and  / (M- 1 ) / 2 is  a lower  bound  on  the  signal- 
to-noise  ratio,  namely 

. 

x../nm(m-1)J7 

SNR¥ot  the  N central  spectral  — 4o  * (A-30) 

elements  after  summing 
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If  M >>  1,  liquation  (A-29)  js  /Z  larger  than 
Equation  (A-30).  Thus,  the  maximum  and  minimum  signal-to- 
noise  ratio  differs  by  only  a factor  of  /Z  for  the  N central 
spectral  elements.  This  /2  factor  is  ignored  in  the  follow- 
ing analysis,  and  it  is  assumed  that  the  signal -to-noise 
ratio  for  all  n spectral  elements  is  given  by  Equation  (A-29) 
The  signal-to-noise  ratio  of  the  N central  spectral 
elements  when  the  estimates  of  a doubly-encoded  Hadamard 
spectrometer  are  summed  will  now  be  compared  with  the  signal- 
to-noise  ratio  of  a monochromator  that  takes  the  same  time 
as  the  doubly-encoded  Hadamard  spectrometer  to  measure  a 
spectrum.  For  white  noise,  the  rms  noise  voltage  is  propor- 
tional to  the  square  root  of  the  effective  noise  bandwidth. 
Since  the  effective  noise  bandwidth  is  inversely  proportional 
to  the  time  required  for  one  measurement,  the  rms  noise 
voltage  is  inversely  proportional  to  the  square  root  of  the 
time  required  for  one  measurement.  If  the  monochromator 
and  the  doubly-encoded  Hadamard  are  to  measure  the  spectrum 
in  the  same  time  T , the  times  available  for  each  measure- 
ment are  T/N  and  T/MN,  respectively.  Therefore,  the  ratio 
of  the  rms  measurement  noise  of  the  doubly -encoded  Hadamard 
spectrometer  to  the  monochromator  is 


f A - 3 1 ) 


Therefore,  the  rms  measurement  noise  of  the  monochromator  is 
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NM  / ’ 


(A- 32) ' 


l 


and  the  signal -to-noise  ratio  of  the  monochromator  is 


Monochromator 


x . . /M  /° 
ij  /A 


(A- 33) 


The  advantage  of  a doubly-encoded  Hadamard  over  a mono- 
chromator for  measuring  N spectral  elements  is  given  by  the 
ratio  of  Equation  ( A - 2 9 ) to  Equation  (A-33).  This  ratio 


This  advantage  can  be  interpreted  as  the  product  of  a multi- 
plex gain,  //7/2,  and  a partial  throughput  gain,  /M/2.  Since 
only  a partial  throughput  gain  results,  this  method  is  not 
optimum.  An  optimal  encoding  method  would  make  the  ratio  in 
Equation  (A-34)  equal  to  m/n/ 4. 

It  must  not  be  assumed  that  simply  reducing  the  number 
of  required  measurements  automatically  improves  the  signal- 
to-noise  ratio  of  a doubly-encoded  Hadamard  spectrometer. 

This  is  vividly  demonstrated  by  examining  the  noise  proper- 
ties of  the  following  encoding  scheme  proposed  by  Sloane 
[1970].  Since  for  N entrance  and  N exit  encoding  slots  there 
are  2N-1  unknowns,  a computer  can  be  used  to  search  for  2/7-1 
measurements  (combinations  of  entrance  and  exit  mask  posi- 
tions) , which  yield  2/7-1  linearly  independent  equations. 


i 

l 


> ; 
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Sloane  showed  that  such  a search,  if  done  properly,  must 
always  be  successful.  In  general  there  are  many  such  sets 
of  2N-1  measurements.  The  2/7-1  linearly  independent  equa- 
tions can  be  written  in  the  following  matrix  form: 


r 


a\  ( 2/V-  1 ) 


a(2/V-l)  (2/V-lJ 


X2/V-  1 


n2N-  1 


(A- 35) 


where  m-,  x-,  and  n-  , i = 1,  ...,  2N-1,  represent  the 
measurements,  spectral  intensities,  and  measurement  noise, 
respectively.  The  form  of  liquation  (A-35)  is  the  same  as 
Equation  (A-2)  with  N replaced  by  2/7-1.  Consequently, 
Equation  (A-3)  through  (A-10)  can  be  used  to  describe  the 
encoding  scheme  if  N in  these  equations  is  replaced  by  2/7-1. 
Consequently,  Equation  (A-10)  indicates  that  for  each 
spectral  element  x., 

i * 


^^Sloane’s  2N-\  scheme 
° ^Monochromator 


(A- 36) 


Sloane  published  schemes  requiring  2N-1  measurements 
together  with  their  required  inverse  matrices  for  N = 3,  7, 
11  and  15.  His  inverse  matrix  for  N = 7 is  given  in 
Figure  A-3.  Table  A-2  tabulates  the  application  of 
Equation  (A-36)  to  each  row  of  this  matrix.  As  can  be  seen 
from  Table  A-2,  the  signal-to-noise  ratio  using  Sloane's 
2N-\  encoding  scheme  does  not  have  the  same  value  for  all 
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COLUMN 

1 2 3 4 3 6 7 

ROM 

1 -0.3123  -0.2500  -0.1250  -0.0625  -0.0625  0.0625  -0.2500 

2 -0.0625  -0.0000  0.3750  -0.0625  -0.0625  -0.1875  0.2500 

3 0.1875  -0.2500  -0.1230  0.6375  -0.0625  0.0625  -0.2500 

6 -0.3125  -0.0000  0.1250  -0.0625  0.6375  0.0625  0.0000 

5 -0.0625  -0.2500  0.1250  -0.0625  -0.0625  0.3123  0.0000 

6 -0.0625  0.0000  -0.1250  -0.0625  -0.0625  -0.1075  0.2500 

7 0.6375  0.2500  -0.3730  -0.0625  -0.0625  -C.1875  O.OCOO 

6 0.1875  0.5000  -0.3750  -0.0625  -0.0623  0.0625  -0.0000 

9  -0.0625  -0.2300  0.6250  -0.0625  -0.0625  0.3125  0.0000 

10  -0.3125  -0.5000  0.6250  0.6375  -0.0625  0.0625  -0.0000 

11  -0.3125  -0.2500  0.3750  -0.0623  0.6375  -0.6375  -0.2500 

12  -0.0625  0.5000  -0.6230  -0.0625  -0.0623  -0.1875  -0.2300 

13  -0.0625  -0.2500  0.1250  -0.0623  -0.0625  0.3125  0.0000 

COLUMN 

0 9 10  11  12  13 

ROM 

1 1.1250  -0.1250  0.1075  0.2500  -0.6375  0.0625 

2 -0.3750  0.1250  -0.3123  0.0000  0.3125  0.0625 

3 0.1250  -0.1250  0.1075  -0.2500  0.0625  0.0625 

6 0.1250  -0.1250  -0.0625  0.2500  -0.1075  -0.1S73 

5 0.1250  0.1250  -0.0625  0.0000  0.0625  -0.1075 

6 0.1250  0.1250  0.1075  -0.0000  -0.1075  0.0625 

7 -0.3750  0.1250  -0.0625  -0.0000  0.0625  0.3125 

0 -0.3750  -0.1250  -0.0625  -0.2500  0.3125  0.3125 

9 0.1250  -0.3750  -0.0625  0.0000  0.0625  -0.1075 

10  0.6250  -0.1250  -0.0625  0.2300  -0.1073  -0.6075 

11  0.6230  0.3750  0.1075  0.2500  -0.6373  -0.6375 

12  -0.3750  0.6250  0.1075  -0.0000  -0.1075  0.5625 

13  -0.3750  -0.3750  0.6375  0.0000  0.5625  -0.1075 


Figure  A-3.  Sloane's  [1970]  matrix  {b . •}  for  N = 7. 
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Table  A-2.  Comparison  between  Sloane's  doubly-encoded 
2N-1  measurement  scheme  and  a monochromator 
for  N = 7 . (Both  instruments  measure  2N-1  = 
13  spectral  elements.) 


S N R 

Row  number  Sloane's  2/7-1  scheme 

SNR M , 

Monochromator 


1 

. 74 

2 

1 . 29 

3 

1 . 40 

4 

1 .44 

5 

1.95 

6 

2 .08 

7 

1 . 20 

8 

1 .08 

9 

1.15 

10 

. 72 

11 

. 75 

12 

. 77 

13 

.99 

spectral  elements.  Table  A-2  also  shows  that  the  signal-to- 
noise  ratio  for  five  of  the  13  spectral  elements  is  actually 
lower  for  Sloane's  scheme  than  it  is  for  a monochromator. 
Equation  (A-10)  indicates  that  if  a s ingly- encoded  Hadamard 
spectrometer  could  be  constructed  to  encode  13  spectral 
elements,  its  signal-to-noise  ratio  advantage  over  a mono- 
chromator would  be  /T3/2  = 1.8.  Thus,  only  two  of  the  13 
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spectral  elements  tabulated  in  Table  A-2  have  a signal-to- 
noise  advantage  larger  than  that  of  a singly-encoded 
Hadamard.  The  average  signal-to-noise  advantage  over  a 
monochromator  for  Sloane's  N = 7 doubly-encoded  technique  is 
1.2;  this  value  is  significantly  smaller  than  the  advantage 
of  the  singly-encoded  Hadamard.  Thus,  it  is  evident  that 
reducing  the  required  number  of  measurements  is  a necessary 
but  not  sufficient  condition  for  improving  the  signal-to- 
noise  ratio  of  doubly-encoded  Hadamard  spectrometers. 

It  is  often  mistakenly  assumed  that  the  signal-to-noise 
ratio  of  a doubly-encoded  spectrometer  is  a factor  of  M in- 
stead of  /M  larger  than  that  of  a conventional  monochromator. 
It  is  apparent  from  the  preceding  derivations  that  the  reason 
why  the  correct  factor  is  /m  is  because  MN  measurements  are 
required  to  recover  N spectral  elements.  If  the  proper  N 
measurements  could  be  taken,  the  signal-to-noise  ratio  would 
increase  by  a factor  of  M.  However,  to  this  date  even 
though  doubly-encoding  techniques  which  require  only  N 
measurements  have  been  found  [Harwit  et  at . , 1974],  none 
increase  the  value  of  the  ratio  given  in  Equation  (A- 34). 

If  M-  N , then  Equation  (A-34)  reduces  to 


TDoubly-encoded  Hadamard 
for  N spectral  elements 
with  M equal  to  N 

^Monochromator 


(A  - 37) 


The  value  given  by  Equation  (A-37)  is  approximately  equal 
to  the  advantage  of  the  Girard  [1960,  1963]  grill  spectrom- 
eter over  a monochromator. 

Harwit  et  al . , [1974]  have  proposed  a doubly-encoded 

Hadamard  procedure  in  which  each  measurement  corresponds  to 
the  energy  of  a spectral  element.  In  this  case,  the  spec- 
tral elements  are  not  multiplexed,  and  the  gain  that  is  \ 

given  by  Equation  (A-37)  depends  entirely  on  a throughput 
gain. 

Since  it  has  often  been  claimed  that  doubly-encoded  \ 

Hadamard  spectrometers  are  comparable  in  performance  with  a 
Michelson  interferometer,  an  explicit  comparison  between  : 

the  performance  of  the  two  instruments  is  given.  The  ' 

throughputs  of  a Michelson  interferometer  and  a grating 
monochromator  are  [ Vanasse  and  Sakai , 1967] 

EM  = 27TV*  (a-38) 

and 

f ' 

Eg  = lAGlfE  , (A- 39) 

respectively,  where  A^  is  the  area  of  the  collimator  in  the 
Michelson  interferometer,  R is  the  resolving  power,  Ar  is 
the  area  of  the  grating,  l is  the  slit  length,  and  f is  the 
focal  length  of  the  collimator  of  the  grating  spectrometer. 

Since  the  Michelson  interferometer  has  the  multiplex 
advantage , 
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/N  , (A-4  0) 


SNRy,.  , . . __  . e 

Michelson  interferometer  _M_ 

^^Monochromator  ~b  G 

where  N is  the  number  of  spectral  elements.  It  follows 
from  Equations  (A-34) , (A-38)  , (A-39),  and  (A-40)  that 

^^Doubly-encoded  Hadamard  _ A Gl  v':':  ^ 

^^Michelson  interferometer  ^ v M 


where  M is  the  number  of  entrance  slots.  If  an  optimal 
method  of  doubly-encoding  is  discovered,  the  /M  in  Equa- 
tion (A-41)  should  be  replaced  by  M.  Since  i/f  for  practi- 
cal grating  spectrometers  is  less  than  1/30, 


^'^Doubly-encoded  Hadamard  < A 
5lVffMichelson  interferometer-  ^40ttAw 


Equation  (A-40)  implies  that  if  A G equals  A a doubly- 
encoded  Hadamard  must  have  568  thousand  entrance  slots  (a 
physical  impossibility)  in  order  to  have  the  same  signal- 
to-noise  ratio  as  a Michelson  interferometer.  This  com- 
parison demonstrates  that,  at  the  present  state-of-the-art, 
the  signal -to-noise  ratio  of  the  doubly-encoded  Hadamard 
spectrometer  does  not  approach  that  of  the  Michelson 
interferometer.  However,  if  an  optical  code  is  discovered 
and  if  it  is  possible  by  using  holographic  gratings  to  make 
Ag  much  larger  than  A the  signal-to-noise  ratio  of  a 
doubly-encoded  Hadamard  spectrometer  may  approach  that  of  a 
Michelson  interferometer. 
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As  shown  in  the  preceding  discussion,  the  rms  measure- 
ment noise  for  white  noise  goes  up  as  the  square  root  of 
the  number  of  measurements.  However,  in  some  detection 
systems  the  limiting  noise  is  not  white.  One  such  case 
occurs  for  1 iqui d -he  1 i urn  cooled  extrinsic  detectors  directly 
coupled  in  a trans impedance  feedback  compensation  circuit 
as  described  by  Wyatt,  Baker  and  Fr  dsham  [19741.  For  this 
situation  the  rms  noise  is  propoitional  to  the  number  of 
measurements  to  the  three-halves  power  [Wyatt  and  Esplin, 
1974;  Wyatt,  1975],  Therefore,  since  a doubly-encoded 
Hadamard  requires  a factor  of  M more  measurements  than  a 
comparable  monochromator  measuring  N spectral  elements, 

the  noise  of  a doubly-encoded  Hadamard  spectrometer  for  this 

3/2 

type  of  noise  is  a factor  o CM'  greater  than  the  noise  of 
a monochromator.  Consequently,  the  noise  of  the  monochro- 
mator for  this  type  of  noise  is  given  by 


AW 


3/2 


M 


(A- 43) 


and  the  signal-to-noise  ratio  of  the  monochromator  is 


SNR 


Monochromator 


X-  A M 


3/2 


°AW 


( A - 4 4 ) 


Thus,  for  this  type  of  noise,  the  advantage  of  a doubly- 
encoded  Hadamard  spectrometer  over  a monochromator  is  given 
by  the  ratio  of  Equation  (A-29)  to  Equation  (A-44).  This 
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ratio  reduces  to 


/?Doub  1 y - encoded  Hadamard 

with  V2  power  noise 

SNR.,  , 

Monochromator 


1 

T 


( A - 4 5 ) 


Since  this  ratio  decreases  as  M increases,  doubly-encoding 
schemes  which  require  MN  measurements  should  not  be  used 
for  detector  systems  whose  noise  is  proportional  to  the 
three-halves  power  of  the  number  of  measurements.  However, 
for  the  doubly-encoded  scheme  given  by  Havwit  et  at.  [1974], 
that  requires  only  N measurements,  tiie  advantage  of  the 
doubly-encoded  Hadamard  spectrometer  over  a monochromator 
for  this  type  of  noise  is  given  by  Equation  (A-34J. 


) 
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Appendix  B 

Relationship  Between  Total -Mean-Square  Error 
and  Signa 1 - to -No i sc  Ratio  Descriptions 
of  Hadamard  Spectrometers 

Several  researchers  [Sloane  et  al.,  1969;  Harwit 
etal.,  1970;  Harwit , 1971]  have  described  Hadamard  per- 
formance in  terms  of  total- mean-square  error  instead  of 
using  the  signal -to-noise  ratio  as  was  done  in  Appendix  A. 
The  total- mean- square  error  is  a measure  of  the  noise  in 
the  entire  spectrum,  while  the  s i gnal - to -noise  ratio  de- 
scribes only  one  spectral  component.  The  purpose  of  this 
appendix  is  to  explain  the  relationship  between  these  two 
methods  of  describing  Hadamard  spectrometer  performance. 

The  total- mean- square  error  [ Sloane  et  al.  , 1969]  for 
N spectral  elements  is  defined  by 

c = + ...  + (xN-xN) 2 ] , (B-l) 

where  , i = 1 , . . . , N is  the  true  value  of  the  i- th 
spectral  element,  , i = 1 , . . . , N is  the  estimate  of  the 
i- th  spectral  element,  and  E [ ] denotes  the  expected  value 
of  the  enclosed  random  variable.  Since  the  expected  value 
of  a sum  equals  the  sum  of  the  expected  values  [Papoulis , 
1965],  Equation  (B-l)  can  be  written  as 

e = E[(.r1-x1)2]+  ...  + E[{xn-£n)2]  . (B-2) 
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If  E [ (x ^ -x^) 2 ] - E[(xj-Xj)^]  for  all  i and  j where  i = 1, 

/V , and  j ==  1,...,  N,  then 

e = NiEKx.-x^2}  } . (B-3) 

Since  the  standard  deviation  of  the  z-th  spectral 
component  is  given  by 


^E[(xi-£i)2] 


(R-4) 


the  s i gnal - to - noi se  ratio  of  the  f-th  spectral  component  is 


SNR 


Xi 


^E[(xT-£.)2] 


(B-5  I 


Therefore,  if  the  assumptions  used  in  deriving  Equation  (R-3") 
are  satisfied,  then 


SNR  = x. 

i 1 e 


(B-G) 


If  SNR j and  SNR2  are  the  s ignal - to - noi se  ratios  for  two  dif- 
ferent codes  and  and  £2  are  their  respective  total  mean- 
square  errors,  then  it  follows  from  Equation  (B-6)  that 


SNR1  e2 

SNR  2 = T7 


(B-7) 


As  an  example  of  the  use  of  Equation  (B-7),  this  equa- 
tion is  used  to  compare  a monochromator  and  a singly-encoded 
Hadamard  spectrometer  which  uses  the  S-matrix  code.  The 
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5-matrix  code  is  explained  in  Appendix  A.  It  follows  from 
Equation  (B-3)  that  the  total -mean-square  error  of  a mono- 
chromator is  given  by 

eMonochromator  ~ ’ C B - 8 ) 

2 

where  o is  the  mean-square  error  of  the  noise  of  a single 
measurement.  Sloane  et  at.  [1969]  has  shown  that  the  total- 
mean-square  error  of  a singly-encoded  Hadamard  using  the 
5-matrix  code  is  given  by 

e = I 2 . _L 

Si ng ly -encoded  Hadainard  l /y+1 

with  5-matrix  code 

It  follows  from  Equations  (B-7),  (B-8)  and  (B-9)  that 

‘ '^Singly-encoded  Hadamard 

with  5-matrix  code 

SNR..  . ^ — 

Monochromator 

Equation  (B-10)  agrees  with  Equation  (A - 1 5 ) in  Appendix  A. 

The  value  of  Equation  (B-7)  and  the  ratio  e/a  are 
tabulated  in  Table  B-l  for  several  Hadamard  spectrometer 
encoding  schemes.  These  encoding  schemes  are  discussed  in 
Appendix  A . 


w+i \2 

~iw ) ~ 


N+l 

2/1 


{N_ 

2 


(B-10) 
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Table  B-l.  The  signal-to-noise  advantage  for  several  Hadamard  spectrometer  encoding 

schemes  derived  from  total -mean- square  error  expressions  in  the  literature. 
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As  stated  in  Appendix  A,  an  optical  encoding  scheme  has  not  yet  b-.;c  ; found. 


Appendix  C 

Generation  of  lladam a rd  M a s k Patte rns 

As  explained  in  Appendix  A,  for  the  general  case 
Hadamard  encoding  of  N resolution  elements  requires  N masks 
each  of  which  is  N resolution  elements  long.  However,  a 
subset  of  Hadamard  matrices  contains  cyclic  submatrices 
which  can  be  used  to  encode  N resolution  elements  with  a 
single  mask  2 A/ - 1 resolution  elements  long.  The  use  of  this 
single  mask  instead  of  N masks  is  such  an  important  practi- 
cal advantage  that  virtually  all  Hadamard  spectrometer  codes 
are  based  on  these  cyclic  matrices.  Therefore,  only  genera- 
tion of  mask  patterns  based  on  these  cyclic  matrices  will 
be  considered  in  this  appendix. 

A (N+l)  x (/V+l)  Hadamard  matrix  with  a cyclic  submatrix 
can  be  constructed  from  a pseudo-noise  sequence  (a  PN 
sequence)  of  length  N by  the  following  procedure. 

First,  a NxN  cyclic  matrix  is  formed  using  a PN  sequence  as 
the  first  row;  each  subsequent  row  is  a one-position  cyclic 
shift  of  the  row  above  it.  All  shifts  must  be  in  the  same 


direction;  that  is,  they  must  either  be  all  to  the  left  or 
all  to  the  right.  Finally,  this  NxN  cyclic  matrix  is  con- 
verted to  an  (N+l)  x (N+l)  Hadamard  matrix  by  adding  a row 
and  column  of  +l's.  To  clarify  this  construction  procedure, 
an  example  showing  the  construction  of  a 8x8  Hadamard  matrix 
is  given.  The  sequence 

-1-1-1  1 1-1  1 . (C-l) 
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is  a PN  sequence  of  length  7.  The  7x7  cyclic  matrix  con- 
structed from  cyclic  shifts  left  of  this  sequence  is 


-1 


-1 


- 1 
1 
1 

-1 

1 

-1 


1 -1 


1 - 1 

-1  -1 

-1  -1 


-1 

1 

-1 

-1 

-1 

1 


1 

-1 

-1 

-1 

1 

1 


( C - 2 ) 


L i 

-1 

-1  -1 

1 

1 - 

ij 

Upon 

addi t i on 

of  a 

row 

and  column  of 

+ 1 's 

, this 

comes 

the  following 

8x8 

Hadamard  matrix: 

" 1 

1 

1 1 

1 1 

1 

1 “ 

1 - 

1 - 

1 - 1 

1 1 

-1 

1 

1 - 

1 - 

1 1 

1 -1 

1 

-1 

1 - 

1 

1 1 

-1  1 

-1 

-1 

1 

1 

1 -1 

1 -1 

-1 

-1 

• 

1 

1 - 

1 1 

-1  -1 

-1 

1 

1 - 

1 

1 -1 

-1  -1 

1 

1 

. 1 

1 - 

1 -1 

-1  1 

1 

-1  _ 

(C- 3) 


Matrices  (C-2)  and  (C-3)  are,  respectively,  examples 
of  the  G and  H matrices  defined  in  Appendix  A.  As  explained 
in  Appendix  A,  S matrices  are  constructed  from  G matrices 
by  replacing  +l's  with  0's  and  -l's  with  l's.  Therefore, 

S matrices  can  also  he  constructed  from  PN  sequences.  The 
S matrix  constructed  from  the  G matrix  in  the  above  example 
is  given  by 
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s 


(C-4) 


1 1 
1 1 
1 0 
0 0 
0 1 
1 0 
0 1 


1 0 
0 0 
0 1 
1 0 
0 1 
1 1 
1 1 


0 1 
1 0 
0 1 
1 1 
1 1 
1 0 
0 0 


0 

1 

1 

1 

0 

0 

1 


The  construction  method  given  above  makes  construction 
of  cyclic  encoding  matrices  trivial  once  a PN  sequence 
has  been  constructed.  Methods  for  constructing  PN 
sequences  are  given  by  Baumert  [1964].  However,  in 
this  appendix  a construction  method  is  given  for  only  one 
type  of  PN  sequence;  namely,  those  with  N = 2n-l  where  n 
is  an  integer.  An  important  characteristic  of  this  construc- 
tion method  is  that  it  yields  encoding  matrices  that  are 
compatible  with  the  fast  computation  algorithm  given  in 
Appendix  D. 

For  PN  sequences  of  length  N = 2n-\,  the  sequence  is 
most  easily  generated  directly  with  0's  and  l's  rather  than 
with  +l's  and  -l's.  If  the  generalized  definition  of  auto- 
correlation [ Baumert , 1964]  is  used,  namely 

PW)  - M ■ (c-s) 

then  these  sequences  of  l's  and  0's  satisfy  the  require- 
ments of  a PN  sequence.  In  the  above  definition  A and  D 
are,  respectively,  the  number  of  agreements  and  disagreements 
between  the  sequence  and  its  cyclic  shift  of  j positions. 


A : 


•4^. 
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If  p(0)  = 1 and  p(j)  = -1/W  for  j f 0,  then  the  sequence  is 
a PN  sequence  [ Baumert , 1964].  In  order  to  construct  a PN 
sequence  of  +l's  and  -l's,  the  0's  are  replaced  with  +l's 
and  the  l's  with  -l's.  These  sequences  of  0's  and  l's  with 
length  2n-l  are  often  called  maximal  - length  sequences 
(m- sequences)  [Peterson  and  Weldon , 1972].  A method  for 
constructing  m-sequences  from  primitive  modulo  2 polynomials 
is  described  in  the  following  paragraphs. 

A sequence  of  length  2n-l  can  be  constructed  from  a 
primitive  polynomial  of  degree  n.  Primitive  polynomials  are 
a subset  of  the  set  of  irreducible  polynomials.  An  irreduci- 
ble polynomial  is  a polynomial  which  cannot  he  written  as 
the  product  (modulo  2)  of  two  polynomials  of  degree  greater 
than  0.  An  irreducible  polynomial  is  primitive  if  and  only 
if  it  is  not  a factor  (modulo  2)  of  1-x^  for  any  p less  than 
2n-l  (it  is  a factor  when  p = 2n-l)  [Peterson  and  Weldon , 

1972].  For  example,  a primitive  polynomial  of  degree  3 is 
not  a factor  of  1-x^  for  any  p less  than  7.  Since  this  is 
an  if  and  only  if  condition,  primitive  polynomials  of  degree 
n (modulo  2)  can  be  selected  from  a table  of  irreducible 
polynomials  like  that  given  by  Golomb  [1967]  by  selecting 
those  with  a period  equal  to  2n-l  where  n is  the  degree  of 
the  polynomial.  A list  of  irreducible  polynomials  (modulo  2) 
with  the  primitive  polynomials  identified  is  given  by 
Peterson  and  Weldon  [1972].  Watson  [1962]  lists  one  exam- 
ple of  a primitive  polynomial  for  each  degree  from  1 to  100. 
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The  primitive  polynomial  tabulated  in  Table  C-l  are  taken 
from  his  list. 

In  these  lists  of  polynomials  given  by  Golomb,  Peterson 
and  Weldon,  octal  numbers  are  used  to  represent  the 
polynomials.  These  octal  numbers  are  related  to  polynomials 
in  the  following  manner.  A modulo  2 polynomial  of  degree  n 
can  be  written 


(C-6) 

I 

\ 

I 
•i 

Table  C-l.  An  example  primitive  polynomial  (modulo  2)  j 

for  each  degree  from  2 to  15  [ Watson , 1962].  1 


Degree  of 
polynomial 
in) 

Period  of 
mask 

iN  = 2n- 1) 

Primitive 

polynomial 

fix) 

Octal 

representation 

2 

3 

X^+X+l 

7 

3 

7 

x^+x+l 

13 

4 

15 

x^+x  + 1 

23 

5 

31 

X +x  + 1 

45 

6 

63 

x^+x  + 1 

103 

7 

127 

X 7 + X+ 1 

203 

8 

255 

8A  4x  3 . 2 . , 

X +x  + X +X  + 1 

435 

9 

511 

9 4 

x‘ +x  +1 

1021 

10 

1023 

10.  3 , 
x +x  + 1 

2011 

11 

2047 

X +x  + 1 

4005 

12 

4095 

x^  ^+x^+x^+x+ 1 

10123 

13 

8191 

13A  4a  3 . .. 

X +x  +X  + X+1 

20033 

14 

16383 

+x'*+x^+x+ 1 

40053 

15 

32767 

x^  ‘’♦x+1 

100003 

n 

fix)  = ^ aixl 

i-0 


» 
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where  a ^ equals  either  1 or  0.  The  octal  number  used  to 
represent  this  polynomial  is  the  binary  number 

n 

P = > (C-7) 

i = 0 

, q 4 

converted  to  base  8.  For  example,  when  f(x ) = x + x + 1 , 
the  binary  number  p is  1,000,010,001,  which  is  1021  in 
base  8. 

PN  sequencies  of  0's  and  l's  with  periods  given  by 
N = 2W-1,  which  are  compatible  with  the  fast  computation 
algorithm  given  in  Appendix  D,  can  he  generated  from  primi- 
tive polynomials  by  the  following  method  [Peterson  and 
Weldon } 1972;  Nelson  and  Fredman,  1970].  The  PN  sequence 
can  be  generated  by  using  the  recursion  relation 

n - 1 

6m+n  = 2afem  + i ’ 

i = 0 

where  are  the  elements  of  the  sequence  and  the  summation 
is  done  modulo  2;  that  is,  0+0  = 0,  0+1  = 1,  1+0  = 1, 
1+1=0.  To  generate  the  sequence,  each  of  the  first  n 
terms,  «q,  ...,  en_i>  is  set  equal  to  either  0 or  1 with  the 
restriction  that  they  may  not  all  be  0.  The  remaining  N-n 
elements  in  the  period  are  generated  using  Equation  (C-8) 
for  each  m from  0 to  N-n- 1.  Sequences  generated  from  this 
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recursion  relation  with  different  values  for  e„ e 

tJ  n - 1 

differ  only  in  their  starting  points. 

In  order  to  illustrate  this  method  of  generating 
sequences,  a sequence  with  period  7 is  constructed.  Since 
2^  - 1 = 7,  a third  degree  primitive  polynomial  is  required 
The  third  degree  primitive  polynomial  listed  in  Table  C-l 
is  /(x ) = x^  + x + 1 , which  implies  that  a 2 ~ 0,  <7^  = 1 and 
<2q  = 1.  Thus,  Equation  (C-7)  becomes 


e . = e + e . . , 

m+n  m m+1  ’ 


(C-9) 


where  m goes  from  0 to  3 and  the  addition  is  modulo  2.  Let 
ep  = = 1.  Then,  by  Equation  (C-9), 


to 

II 

e0 

+ 

el  = 

1 

+ 

1 = 

0 , 

(C-10) 

II 

el 

+ 

e 2 = 

1 

-f 

1 = 

0 , 

( c - 1 1 ) 

e 5 = 

e 2 

+ 

to 

It 

1 

+ 

0 = 

1 , 

( C - 1 2 ) 

eb  = 

e 3 

+ 

e 4 = 

0 

+ 

0 = 

0 . 

(C - 1 3) 

The  generated  PN  sequence  is  1110010,  which  is  the  same  as 
the  first  row  of  the  matrix  in  Equation  (C-4) . Thus,  the 
7x7  encoding  matrix  formed  by  a cyclic  shift  left  of  this 
PN  sequence  is  given  in  Equation  (C-4). 

PN  sequences  can  also  be  generated  using  an  n-stage 
shift  register  and  modulo  2 adders  (these  are  often  called 
half  adders),  because  the  recursion  relation  of  Equa- 
tion (C-8)  describes  the  operation  of  the  linear  sequential 
switching  circuit  shown  in  part  (a)  of  Figure  C-l. 


) 

1 


i 
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Figure  C-l.  (a)  A general  «-stage  shift  register  circuit 

to  generate  PN  sequence  with  period  N = 2n  - 
where  the  values  of  (a.)  are  determined  by  a 

n-th  order  primitive  polynomial.  (b)  A three 

stage  shift  register  circuit  based  on  the 

• - . 3 

primitive  polynomial  /(x)  = x + x + 1 which 

generates  the  PN  sequence  1110010. 


A three-stage  shift-register  circuit  which  generates  the 
PN  sequence  1110010  is  shown  in  part  (b)  of  Figure  C-l. 

I he  cyclic  encoding  matrices  generated  from  pn  se- 
quences can  be  implemented  with  a mask  containing  one  slot 
less  than  two  periods  of  the  sequence;  that  is,  2/v-l  slots. 
This  is  accomplished  by  stepping  the  mask  one  slot  width  at 
a time  past  a field  stop  with  an  opening  the  width  of  N 
slots.  There  are  A possible  successive  positions  corres- 
ponding to  the  N successive  rows  of  the  cyclic  encoding 
matrix.  Thus,  the  2/V-l  slots  for  the  mask  to  encode  accord- 
ing to  Equation  (C-4)  is  specified  by  the  pattern 
1110010111001,  where  a one  represents  a transparent  slot 
and  a zero  represents  an  opaque  slot.  A computer  program 
was  written  to  generate  the  pattern  for  masks  with  2A-1 
slots  using  the  recursion  relation  given  in  Equation  (C-8). 
This  program  was  used  to  generate  the  patterns  for  the 
masks  constructed  in  this  lladamard  investigation.  The 
computer  output  from  which  these  masks  were  constructed  con- 
stitutes Table  C-2. 
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Table  C-2.  A 2N-1  mask  pattern  for  N equal  to  511.  (’odes 
of  1 and  0 represent  transparent  and  opaque 
slots,  respectively. 


Slot  Code 

Slot.  Code 

Slot  Code 

Slot  Code 

Slot  Code 

1 • • • • 1 

5 1 • • • • 0 

I 0 1 • • • • 0 

1 5 ! • • • • 0 

20 1. ...  0 

2.  . . • 1 

52* • • • 0 

102. ...  1 

152.  ..  .0 

202. ...0 

3«  • • • 1 

5 3 • • • • 1 

103. ...  1 

153*  ••  *0 

203. . . .0 

4.  . • . 1 

54. ...  1 

1 04« • • • 0 

154. ...  1 

204. ...  1 

5*  • • • 1 

5 5 • • • • 1 

105. ...  1 

155* •••0 

205. ...  0 

6*  • • • 1 

S 6*  • • • 0 

10  6*  ...  1 

1 5 6*  • • • 0 

20  6' * • • 1 

7.  ...  1 

5 7*  • • • 1 

107«»**0 

157. ...  1 

207. ...  0 

8 • • • • 1 

58 • • • • 1 

108. . . • 1 

158. ...  1 

208. . . . 1 

9 . • . . 1 

59 • • • • 0 

1 09 • • • • 0 

159.... 1 

209  » • • « 1 

1 0 • • • • 0 

60* • • • 1 

1 1 0. ... i 

1 60 • • • • 0 

210* •• *0 

1 1 ....  0 

6 1 • • • • 0 

1 1 1. ...  0 

161. ...0 

21 1 • • • • 1 

1 2. ...  0 

62 • • • • 0 

1 1 2.  ...  1 

1 62. ...  1 

21 2. . . .0 

13. ...0 

63* • • • 0 

1 1 3*  • • • 1 

1 63 • • • • 0 

213. ...0 

1 A • • • • 0 

64 • • • • 1 

11 4. ...  1 

1 64»  • • • 1 

214. ...  1 

1 5 • • • • 1 

65. ...  1 

1 1 5*  • • • 0 

1 65* • • • 0 

2 1 5«  • • • ! 

1 6*  • • • 1 

6 6 • • • • 1 

1 1 6.  . . .0 

] 66*  • • • 1 

2 1 6*  • • • 1 

1 7. ...  1 

6 7 • • • • 1 

1 1 7. ...  0 

1 67 • • • • 0 

21 7. ...  I 

j 8 • • • • 1 

68  • • • • 0 

1 18. ...  1 

1 68  • • • • 1 

2 1 8 • • • • 1 

19.  . . .0 

69  • • • • 0 

119«*«*0 

169.... 1 

219. ..  . I 

20* • • • 1 

7 0 • • • • 1 

1 20. ...  0 

170. ...  0 

220. ...  0 

21. ...1 

71. ...  1 

121. ...  1 

17  1. ...  0 

221. ...  1 

22.... 1 

72. ...  1 

122. ...  1 

172. ...  0 

22  2«  • • • 1 

23 • • • • 1 

7 3 • • • • 1 

1 23. ...  0 

173. ...  0 

223. ...  0 

24. ...  1 

74. ...  1 

1 24. ...  0 

174. ...  1 

224. ...  0 

25* • • • 0 

75* • • • 0 

125. ...0 

1 7 5*  • • • 1 

2 2 5«  • • • 1 

2 6*  • • • 0 

76*  • • • 0 

1 2 6*  • • • 1 

1 7 6«  • • • 0 

22 6*  • • • 0 

27. ...  0 

77. ...  1 

1 27. ...  0 

177....  1 

227» • • • 0 

28  • • • • 1 

78 • • • • 1 

1 28 • • • • 0 

1 78. ...  1 

228 • • • • 1 

29.  ...  0 

79  ....  0 

1 29. ...  0 

179. ...  1 

229. ...  0 

3 0«  • • • 1 

8 0 • • • • 1 

1 30. ...  1 

1 8 0* • • • 1 

230. ...  0 

3 1 • • • • I 

8 1 • • • • 1 

1 3 1 • • « • 0 

1 8 1 • • • • 0 

23  1 • • • • 1 

3 2*  • • • 1 

8 2»  • • • 0 

13  2*  • • • 0 

1 8 2*  • • • 1 

232* • • • 0 

3 3*  • • *0 

8 3*  • • • 0 

1 33* • • • 0 

183*  ••  • 0 

233« • • • 1 

34. ...  0 

8 4*  • • • 0 

1 34. ...  0 

184*  •••0 

234 • • • • 1 

35* • • • l 

8 5«  • • • 1 

13  5*  • • • 0 

1 8 5*  • • • 1 

23  5* • • • 0 

3 6*  • • • 1 

8 6*  • • • 0 

1 3 6*  • • • 0 

1 8 6*  • • • 1 

2 3 6*  • • • 1 

3 7*  • • • 0 

8 7 • • • • 1 

137. ...0 

1 8 7*  • • • 0 

23  7* • • • 1 

38  • • • • 0 

88*  • • *0 

1 38 • • • • 0 

1 8 8 • • • • 1 

2 3 8 • • • • 1 

39 • • • • 1 

89. ...  1 

139.... 1 

189.  ...  1 

239 • • • • 1 

40. ...  0 

9 0. ...  0 

1 40« • • • 0 

190«  • • • 1 

240* • • • 1 

4 1 ....  0 

9 1 ....  0 

1 4 1 • • • • 0 

1 9 1 • • • • 0 

241....  1 

42*  ...  0 

92.  ...  1 

1 42. ...  0 

192.  ...0 

242. ...  0 

4 3 • • • • 0 

9 3*  • • • 0 

143. ...  0 

1 9 3 • • • • 1 

24  3 • • • • 0 

4 4 • • • • 0 

9 4* • • • 0 

144. ...  1 

194*  • • • 0 

244. ...  1 

45. ...  1 

95.  ...  0 

1 4 5*  • • • 0 

1 9 5*  • • • 0 

24  5* • • • 0 

4 6*  • • • 0 

9 6«  • • • 1 

14  6*  • • • 0 

1 9 6«  • • • 0 

2 4 6*  • • • 0 

4 7 ....  0 

97. ...  1 

147. ...0 

197.  ...  1 

247. ...  1 

48  • • • • 1 

98 • • • • 1 

1 48 • • • • 1 

198* •• *0 

248 • • • • 1 

49. ...  0 

99.  ...  0 

149. ...  1 

199. ..  . 1 

249 • • • • 0 

50. ...  1 

1 00* • • • 0 

I 50* • • • 0 

20  0 • • • • 0 

250* • • • 1 

220 


l 


•> 

I 


25  1 • . • • 

252.. .. 

253. .  . . 

254. .  . . 

255. .  . . 
25  6.  . . . 

257. .  . . 

258.. .. 

259.. .. 
2 60 . . . . 

261.. .. 
262.  . . . 

263. .  . . 
264.  . . . 

265. .  . . 
266*... 

267.. .. 
2 68 . • . . 
2 69  .... 

270. .  . . 

271..  . . 

272. .  . . 

273. .  . . 

274. .  . . 

275. . . . 
276*... 

277. . .  . 

278.. .. 

279.  ..  . 

280.  ..  . 

28 1. . . . 
28  2.  . . • 

283. . .  . 
284.  . . . 
28  5.  . . . 
28  6.  . . . 

28  7.  . . . 

288.. .. 

289.... 

29  0.  ..  . 
29  1 ...  . 
29  2.  ..  . 
29  3.  ..  . 
294.  . . . 
29  5.... 
29  6*  . . . 
29  7.  ..  . 

298.  . . . 

299.  . . . 

300.  . . . 


| 


> 


0 

301* •• *0 

351. ...  0 

40  1 . 

.0 

451... 

1 

302»  • • • 0 

352* • • • 1 

402. 

. 1 

452. .. 

0 

303* ••• 1 

353. ...  0 

403. 

. 0 

453* • • 

0 

30 A* • • • 0 

354* • • • 1 

404. 

. 1 

454. . . 

1 

30 5*  • • • 1 

3 5 5*  • • • 1 

405. 

.0 

455» • • 

1 

30  6«  • • • 1 

3 5 6*  • • • 0 

406. 

. 1 

45  6... 

0 

307* •••C 

357. ...  1 

407. 

. 1 

457... 

0 

308 • • • • 0 

3 58  • • • • 1 

408. 

. 1 

4 58  • • • 

1 

309. ...  0 

3 59  • • • • 0 

409. 

. 1 

459. .. 

1 

310. ...  1 

360* • • • 1 

410. 

.0 

460. . . 

0 

31  1 • • • • 1 

36 1 • • • • 1 

411. 

.0 

4 6 1 • • • 

0 

3 1 2»  • • • 1 

362* • • • 1 * 

412. 

. 1 

462* • • 

0 

3 1 3 • • • • 0 

363* • • *0 

413. 

.0 

463- . . 

0 

314.... 1 

3 64 • • • • 1 

414. 

. 1 

464. . . 

0 

3 1 5*  • • • 0 

3 65 • • • • 1 

415. 

. 1 

465. . • 

0 

3 1 6«  • • • 1 

366* • • • 0 

416. 

. 1 

466* • • 

0 

3 1 7*  • • • 1 

367* • • • 0 

417. 

.0 

467. . . 

1 

3 1 8 • • • • 0 

3 68  • • • • 0 

418. 

. 1 

4 68 • • • 

1 

319.  ...  0 

369.... 0 

419. 

. 1 

469  . . . 

0 

320. ...  1 

370. ...  0 

420. 

. 1 

470. . . 

0 

32 1 ....  0 

3 7 1 • • • • 1 

421. 

.0 

471... 

0 

322* •• • l 

372* • • • 0 

422. 

.0 

472* . • 

1 

3 23 • • • • 1 

3 7 3 • • • • 1 

423. 

.0 

473. • . 

1 

324* • • • 0 

3 74 • • • • 1 

424. 

. 0 

474.  . . 

0 

325* •• • 0 

375* • • • 0 

425. 

.0 

475. • • 

0 

3 2 6«  • • • 1 

376*  ••  • 1 

426. 

.0 

47  6*  • • 

1 

327*  •••  1 

3 7 7 • •• *0 

427. 

. 1 

477. . . 

0 

3 28  • • • • 1 

3 78  • • • • 1 

428. 

. 1 

478. • • 

1 

329. ...  1 

3 79  • • • • 1 

429. 

. 1 

479. .. 

0 

330* • • • 0 

38  0 • • • • 1 

430. 

.0 

480. • • 

0 

33  1 • ••  • 0 

38 1 • • • • l 

431. 

.0 

48  1 • • • 

0 

332«  • • • 0 

38  2%  • • • 1 

432. 

. 1 

482.  . . 

1 

3 3 3 • • • • 1 

383* •••0 

433. 

. 1 

48  3 • • • 

1 

334* • • • 1 

384. . . . 1 

434. 

. 1 

48  4 • • • 

0 

335* •• • 1 

38  5 • • • • 0 

435. 

. 0 

485.  . . 

1 

3 3 6«  • • • 1 

38  6*  • • • 1 

436. 

. 1 

48  6«  • • 

0 

33  7* • • • 1 

38  7« • • • 0 

437. 

. 0 

48  7 • • • 

0 

338 • • • • 0 

38  8 • • • • 1 

438. 

• 0 

488. . . 

1 

3 39  • • • • 1 

38  9 • • • • 0 

439. 

. 1 

489.  . . 

0 

340. ...  1 

390. ...  1 

440. 

.0 

490. • • 

1 

34  1 ....  1 

39  1 ...  .0 

44  1. 

• 0 

49  1 . . . 

1 

342»  • • • C 

39  2. ...  0 

442. 

. 1 

49  2.  .. 

1 

343* • • • 1 

39  3 • • • • 0 

443- 

. 1 

493- • . 

1 

344* • • • 0 

39  4 • • • • 0 

444. 

. I 

494.  . . 

1 

345*  • • • 0 

395. ..  .0 

445. 

. 1 

495. • . 

1 

34 6»  • • • 0 

39  6*  • • • 0 

446- 

.0 

49  6.  . • 

1 

347* • • • 0 

39  7 • • • • 1 

44  7. 

. 1 

497. . . 

0 

348. ...  0 

39  8 • • • • 0 

448  • 

. 0 

498.  . . 

1 

349. ...  1 

399 • • • • 1 

449. 

. 1 

499.  . . 

0 

350» • • • 1 

400 • • • • 0 

450. 

. 1 

50e. • • 

. 1 
. 0 
. 1 
.0 
. 1 
. 0 
.0 
. 0 
. 1 
. 0 
. 0 
. 1 
.0 
.0 
.0 
.0 
. 1 


.0 
. 1 
. I 
. 1 
. 0 
.0 
.0 
.0 
. 1 
.0 
. 1 
. 1 
. 1 
. 1 
.0 
. 1 
. 1 
.0 
. 1 
. 1 
.0 
.0 
. 1 
. 1 
.0 
. 1 
. 0 
. 0 
.0 
.0 
. 1 


221 


. ■ r--  ■ 


• - -v<. 


50 1 . . • . I 

551. . . .0 

60  1 • • • • 0 

65 1 • • • • 0 

701.... 1 

502. ...1 

55  2«  • • • 0 

602* • • • 0 

65  2*  • • • 0 

702. ...  0 

50  3 • • • • 0 

553*  • • • 0 

603* • • • 1 

653* • • • 0 

703. ...0 

p 504. ...  1 

554* • • • 0 

604* • • • 0 

654 • • • • 0 

7 04* • • • 1 

505* • • • 1 

555* • • • 0 

605» • • • 0 

655* •• • 1 

70S* • • • 0 

50  6* • • • 1 

55  6« • • • I 

60  6*  • • • 0 

65  6* • • • 0 

706* 0990 

50  7* • • • 1 

557. ...0 

607. ...  1 

657. .. .0 

707. ...  0 

508 • • • • 0 

558. ...0 

608 • • • • 1 

658 • • • • 0 

708. ...  1 

509 • • • • 0 

559. . . . 1 

609  • • • • 1 

659. ...  1 

7 09 • • • • 0 

5 1 0 • • • • 0 

560 «...  0 

610*  •••0 

660* • • • 1 

7 1 0* • • • 1 

51  1.  . . .0 

56 1 • • • • 1 

61  1 • • • • 0 

66 1 • • • • 0 

71  1.  ...  Z 

51 2. ...  1 

562«  • • *0 

612* •••0 

662* • • • 0 

7 1 2. ...  0 

51 3. ...  1 

563* • • • 0 

6 1 3* • • • 1 

663« • • • 0 

713* •••0 

514. ...  1 

564» • • • 1 

6 1 4 • • • • 1 

664« • • • 0 

714* •••0 

515. ...  1 

565* •• • 1 

6 1 5*  • • • 0 

665* • • • 1 

7 1 5*  • • • 1 

51 6. ...  1 

5 66*  • • • 1 

6 1 6*  ♦ • • 1 

666* • • • 0 

7 1 6*  • • • 0 

517....  1 

567* • • • 0 

61  7* • • • 1 

667« • • • 0 

71 7. ... J 

5 1 8 • • • • 1 

568 • • • • 1 

618*  ••  *0 

668 • • • • 1 

7 18*  • • • 0 

519.  ...  1 

569. ...  1 

619.  ...  1 

6 69  • • • • 1 

719.... 1 

520. ...  1 

570* • • • 0 

620 • • • • 0 

670. ..  . 1 

720* • • • 1 

521. . . .0 

57 1 • • • • 1 

62 1 • • • • 1 

67 i • • • • 0 

721. ...  0 

522* • • • 0 

572. .. . 0 

622# • • • 0 

672*  • • • 0 

722# • • • 1 

520. .. .0 

573. ...  0 

62  3 • • • • 1 

673* • • • 1 

723« • • • 0 

524. ...  0 

574. ...  0 

624....  1 

67  4 • • • • 0 

724* • • • 0 

525# • • • 0 

575....  1 

625* • • • 1 

675* • • • 1 

725* • • • 1 

52  6.  ...  1 

57  6* • • • 1 

626«  • • • 0 

67  6* • • • 0 

726. ...  1 

527. ...1 

577* • • • 1 

627* • • • 0 

677. ...  1 

727....  1 

528. ...  1 

578. ...  1 

628 • • • • 0 

678 • • • • 0 

728. ...  1 

529. .. . 1 

579 • • • • 0 

629. ...  1 

679.  ...  1 

729.  . . . 1 

530* • • • 0 

58  0 • • • • 0 

63  0 • • • • 0 

68  0 • • • • 1 

730# • • • 1 

53 1 • • • • 1 

58  1 • • • • 1 

63  1 • • • • 0 

681. ...0 

73 1 • • • • 0 

532. ...1 

58  2*  • • • 1 

63 2*  • • • 1 

68  2«  • • • 0 

732# •• • 1 

533* • • • 1 

58  3 • • • • ) 

63  3 • • • • 1 

68  3*  • • • 0 

7 3 3 • • • • ] 

534.... 1 

58  4 • • • • 1 

634* • • • 0 

68  4*  • • • 0 

734. ...  0 

535* • • • 1 

58  5 • • • • 1 

635* • • • 0 

68  5 • • • • 1 

735* •••0 

53 6*  • • • 0 

58  6*  • • • 0 

63  6* • • • 0 

68  6*  • • • 1 

736* •• • I 

537.  • • • 0 

587. .. .0 

63  7 • • * • 1 

68  7«  • • • 0 

737. ...  0 

538 • • • • 0 

58  8 • • • • 1 

638 • • • • 0 

688  • • • • 1 

738. ...  0 

539 • • • • 1 

589 • • • • 1 

639  • • • • 0 

689  • • • • 1 

7 39 • • • • 1 

540* • • • 0 

59  0 « • • • 0 

640  « • • • 0 

69  0....  1 

74  0« • % • 0 

54 1 • • • • 1 

59  1 ....  1 

64  1 • • • • 1 

69  1 ....  1 

74  I • • • • 0 

542. ...  1 

59  2.  ...  1 

642. . . .0 

69  2«  « • • 0 

742.  ..  . ] 

* 543.... 1 

59  3.  ...  0 

64  3 • • • • 0 

69  3 • • • • 1 

743* • • • 0 

544. ...  0 

59  4*  • • • 0 

644. ...  0 

69  4 • • • • 0 

744* • • • 1 

54  5 • • • • 0 

59  5*  • • • 0 

645. ...  0 

69  5 • • • • 0 

745* • • • 1 

54  6* • • • 1 

59  6*  • • • l 

64  6» • • • 0 

69  6*  • • • 1 

7 4 6*  • • • 0 

54  7.  ...  1 

59  7.  ..  .0 

64  7 • • • • 0 

69  7.  ...  1 

74  7 • • • • ] 

548 • • • • 0 

598. ...  1 

648 • • • • 0 

69  8 • • • • 0 

748. ...  1 

549.... 0 

599  • • • • 0 

649 ....  0 

699.  ...  1 

749. ...  1 

550. .. . 1 

600 • • • • 1 

650.... 1 

700. ...  1 

750. ...  1 

222 

. T ' ■ • - < * . 

75 1 • • • • 1 

752. . . . ! 

753. .  . . 0 

754. .  . • C 

755. .  . . t 

756.  ••  *0 

757.  ...  0 

758.  ...  1 

759. .  . . 1 
7 60. ... C 

761. . ..  1 

7 62. . ..  0 

763. . ..  1 

764. . ..  0 

7 65. . ..  0 
766*... 1 

767.. ..  1 
7 68 ....  0 
7 69  ....  0 

770. . ..  1 

77  1. ...  1 

772. . ..  0 

773. . ..  0 

774. . ..  0 

775.  ...  0 

776.  ...  0 

777. . ..  0 

778. . ..  0 

779. . ..  1 

780. . ..  1 

78  1 ....  0 

782. . ..0 
783. * . .0 

784.. ..  1 

78  5. • • • 1 
786*  ...0 

78 7.. .. 0 

788.. ..  1 

739. . ..0 

790. . ..  1 

79  1 ....  0 
79  2* ...  0 
793.  ..  .0 
79  4.  . . . 1 

795. . ..  1 
79  6*  ...  0 

797.. .. 1 

798. . ..0 

799. .  • .0 

800. . ..  1 


801. ...0 

802.... 1 

803.. .. 1 

804.. .. 1 

805. . ..1 

8 0 6* ...  1 

807. . ..  1 
808*... 1 
8 09 ....  0 

8 1 0. . ..  1 

811. ...0 

812. .. .0 

8 1 3. . ..  0 

8 1 4. . ..  1 
815* ...0 
8 1 6* ...  1 

817. . ..  1 

818. . ..0 

819.. ..0 

820. . ..0 

821.... 1 

822.... 1 

823.. ..  1 

824. . ..  0 

825.. ..  1 
8 2 6* ...  0 

827. . ..1 
8 28 ....  1 
6 29 ....  0 
8 30. ...  0 

831.. ..  1 

832. . ..0 
833*...  1 
8 34. ...  1 

835. . ..0 
836* ...0 

837.. ..  1 

838.. ..  1 
8 39  ....  1 

840. . . . 1 
84  1 ....  0 

842. . ..0 

843. . ..  0 

844.. ..  1 

845.. ..  1 

8 4 6*  ...  1 

847.. ..  1 
848  ....  1 
849* ...  0 
8 50. ...  1 


851. 

. 1 

852. 

. 1 

853. 

.0 

854. 

. 1 

855. 

.0 

856. 

.0 

857. 

.0 

858. 

.0 

8 59. 

.0 

860. 

• 1 

861. 

• 1 

862. 

• 0 

863. 

• 1 

864. 

. 0 

865. 

• 1 

8 6 6. 

• 1 

867. 

.0 

8 68. 

• ] 

8 69. 

• 1 

870. 

.0 

87  1. 

• 1 

872. 

• 1 

873. 

• 1 

874. 

. 0 

875. 

• 1 

876. 

• 1 

877. 

.0 

8 78. 

.0 

879. 

.0 

880. 

.0 

88  1 . 

.0 

882. 

. 1 

883. 

• 0 

884. 

. 1 

885. 

. 1 

886. 

.0 

887. 

. 1 

888. 

. 0 

889. 

. 1 

890. 

. 1 

89  1. 

. 1 

892. 

. 1 

893. 

. 1 

894. 

. 0 

895. 

. 1 

89  6. 

.0 

897. 

. 1 

898. 

.0 

899. 

. 1 

900. 

. 0 

901.. *.  1 

902. .  . . 0 

903.  . . • 0 

904.  • . . 0 

905. .  . . 0 

906. . ..0 
907* ...0 
9 08 ....  1 
909. • • . 0 
9 1 0. ...  1 

911. . ..0 

9 1 2. . ..  0 

913.. ..  1 
9 14.  . . . 0 
9 15.  ...  1 
9 1 6.  ...  0 

917.. ..  1 

918.. ..  1 
919.  ...  1 

920.. ..  1 

921 .. ..  0 
922.  . . .0 

923.. ..  1 
924.  . . . 0 
9 25. ...  1 
926.  ..  . 1 

927. . ..  1 

928. . ..  0 
9 29  ....  1 

930. .  . . 1 

931.. ..  1 

932. . ..0 
9 33* ...  0 

934. .  . .0 
935* ...0 
9 3 6*  ...  0 

937. . ..0 

938.. ..  1 

939. . ..  1 

940. .  . . 1 

941. . ..0 
942.  . . . 0 

943. . ..  1 

944. . ..  1 

945. . ..  1 

946. . ..0 

947. . ..  1 

948. .  . . 0 

949. .  . . 0 

950.. .. 1 


951. . ..0 

952. . ..0 
953.  ...  1 

954.. .. 1 

955.. .. 1 
9 5 6*.*.  1 
957.  . . . 0 
958*... 1 
9 59. ...  0 
9 60. ...  1 

961. . ..  1 
962.  ...  1 
9 63. . . . 0 

964. . ..  1 
965. • . *0 
9 66..*.  1 
967.  ..  .0 
9 68  ....  0 
9 69  ....  0 

970.. .. 1 

971. . . .0 

972. . ..0 

973.. . • 1 

974. .  . .0 
975* ...0 
9 7 6.  ...  0 

977. .  . . 0 

978.. .. 1 

979. . . . 1 

980. . ..  0 

981. . ..0 

982.. .. 1 
98  3. • • • 1 

984. . ..  1 
98  5. . • • 0 

98  6*  * . * 0 

987. . ..  0 

988. .  . . 0 

989. .  . . 1 

990. . ..  0 

99  1. ...  1 
99  2.  ...  1 

993. . ..  1 

994. . ..  1 
99  5* ...  0 
99  6.  ...  1 
997.  ...  1 

998. .  . . 0 

999.. ..  1 
1000. • . » 1 
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100 l • • • • 0 
1002* • • • 0 

100  3. • • • 1 
1004* • • • 1 
1005*  • • • 0 
100  6*  • • • 1 
1007* • • • 0 
1008* • • • 0 
1009 • • • • 0 
1010* • • • 0 

101  1. ...  1 
1012.  ••  • 1 

1013.. . . 1 
101  A. • . . 0 

1015.. ..  1 
1016.  ...  1 

1017.. .  . 1 

1018.. .. 1 

1019. . . .0 

1020.. . .0 
102 1 ....  0 


Appendix  D 

Multiplication  by  the  Inverse  of  the  S Matrix 
Using  the  Fast  Ha d amar d Tra n s f o rm 

Since,  as  shown  in  Appendix  A,  Hadamard  encoding  can  he 
represented  by  a matrix  equation,  recovery  of  the  encoded 
information  requires  multiplication  by  the  inverse  of  the 
encoding  matrix.  The  inverses  of  the  encoding  matrices  H, 
£,and  S,  defined  in  Appendix  A,  are  given  by  Sloane  et  at. 
[1969].  The  inverse  of  the  matrix  S is 


where  N is  the  dimension  of  the  matrix  S and  J is  an  NxN 
matrix  of  +l's.  Equation  (D-l)  indicates  that  the  inverse 
of  S can  be  formed  by  transposing  the  rows  and  columns  of  S 
and  replacing  each  1 with  2 / f TV  + 1 ) and  each  0 with  -2/0+1). 
If  each  row  of  S is  generated  by  a cyclic  shift  left  of  the 
row  above,  S is  unchanged  by  the  transpose  operation.  Thus, 
for  S matrices  generated  by  a shift  left,  the  transpose 
operation  is  not  required. 

However,  if  the  multiplication  by  S ^ is  performed 
using  the  conventional  multiplication  algorithm,  many  opera- 
tions are  redundant.  The  number  of  required  operations  can 
be  significantly  reduced  by  performing  redundant  operations 
only  once.  The  elimination  of  redundant  operations  is  the 
essential  idea  on  which  both  the  fast  Hadamard  transform 
[Ahmed  et  at.,  1971]  and  the  fast  Fourier  transform 
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[Pvigham,  1974  ] are  based.  In  fact,  Andrews  [ 19  70]  has 
shown  that  both  the  fast  liadamard  transform  (MIT)  and  the 
fast  Fourier  transform  (FFT)  are  specific  examples  of  the 
same  general  transform.  The  algorithm  described  in  this 
appendix  makes  use  of  the  FHT  to  reduce  the  number  of 
operations  required  when  multiplying  a vector  by  the  5 * 
matrix.  This  algorithm  was  published  by  Nelson  and  Fredman 
[19  70]  and  is  valid  if  the  liadamard  mask  pattern  is  gener- 
ated from  a primitive  polynomial  using  the  method  described 
in  Appendix  C. 

This  algorithm  is  introduced  by  using  it  to  recover 
the  spectrum  from  a singly-encoded  liadamard  spectrometer 
described  by  the  following  matrix  equation: 
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where  x.  and  m . (•£  = 1 , . . . , 7)  are,  respectively,  the  spec- 
tral  elements  and  the  encoded  measurements.  As  shown  in 
Appendix  C,  the  7x7  matrix  in  liquation  (D-2)  is  a S matrix. 
No  information  is  lost  if  liquation  (D-2)  is  permuted  and  a 
row  and  column  of  0's  are  added  to  form  the  following  matrix 
equation: 
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Let  the  vector  x be  defined  by  the  following  equation 
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The  matrix  of  l's  and  -l's  in  Equation  (D-4)  is  a Hadamard 
matrix.  It  follows  from  Equation  (D-4)  that 


“ *■ 

- — 

X1 

x2 

x2 

x3 

x3 

X5 

1 

— 

x4 

= ‘ T 

x4 

x5 

x7 

x6 

x8 

_x7_ 

_x6_ 

In  this  example,  the  vector  x was  recovered  from  the 
measurement  vector  m in  three  steps.  First,  the  measure- 
ment vector  was  permuted  and  augmented  with  a zero  element. 
Second,  this  permuted  and  augmented  vector  was  multiplied 
by  a Hadamard  matrix.  Third,  the  first  element  of  the  re- 
sulting vector  x was  deleted,  and  its  remaining  elements 
were  permuted  and  divided  by  -1/2(41+1).  This  indirect 
method  of  recovering  the  vector  x can  be  accomplished 
faster  than  multiplying  the  measurement  vector  by  S inverse 
because  the  matrix  multiplication  required  in  the  second 
step  can  be  performed  using  the  FHT,  and  the  permutations 
required  in  the  first  and  third  steps  can  be  performed 
rapidly . 

The  three  steps  of  the  algorithm  will  now  be  explained 
for  the  general  case.  The  specific  example  used  above  will 
be  used  to  elucidate  the  algorithm. 
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Step  1 of  the  algorithm 

In  this  step  a new  vector  m is  formed  from  the  vector 
m resulting  from  multiplying  the  vector  x by  the  S matrix. 
For  a singly-encoded  Hadamard  spectrometer,  the  vector  m 
corresponds  to  the  measurements  taken  with  the  spectrometer. 
In  order  to  form  this  new  vector  rn  the  vector  rn  is  first 

TT 

permuted  to  form  a vector  m Then  is  augmented  with  a 
zero  to  form 


0 


(D-6) 


The  permutation  required  to  convert  the  vector  rn  to 
is  referred  to  as  the  tt  j permutation.  When  using  the  algo- 
rithm for  data  reduction,  the  permutation  need  only  be 
generated  once  since  it  can  be  easily  saved  and  applied  to 
each  set  of  data.  The  permutation  Uj  can  be  generated  using 
the  following  procedure.  The  transpose  of  the  S matrix  is 
represented  by 


A 
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_all 

alN 
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(D-7) 

where  N = 2n-l. 
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aNN  J 
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For  the  example, 


A 


3 


1110  0 10 
110  0 10  1 
10  0 10  1 1 


CD-9) 


The  permutation  n ^ ) = l,  j - 1,  N , where  Z is  the 

base  10  equivalent  of  the  binary  number  represented  by  the 
elements  in  the  j-th  column  of  A ^ . The  most  significant 
binary  bit  is  represented  by  the  bottom  row  of  A ; that  is, 
l is  the  base  10  equivalent  of  the  base  2 number  a . , •••. 

The  permutation  tt  j for  the  example  is  tabulated  in 
Table  D-l. 


Table  D-l.  The  permutation  tt^  for  the  singly-encoded 
Hadamard  spectrometer  example  described  by 
F.quat  ion  (D-  2)  . 
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The  permutation  tt,(j)  = l is  implemented  by  making  the 
j-th  element  of  the  measurement  vector  m the  l- th  component 
of  the  permuted  measurement  vector  The  measurement 

vector  for  the  example  can  be  represented  by 

7’ 

m = (ffij  »m2»m3'm4»m5,m6,m7)  ‘ (0-10) 


It  follows  from  Table  0-1  that  for  the  example 

*p 

mv  = ’rn7>ml)  ' (0-11) 

By  use  of  Equations  (0-6)  and  (0-11),  the  augmented  vector 
for  the  example  can  be  represented  by 

rp 

= (0»m3*m5»m2,m4,m6,m7,ml^  ‘ (0-12) 

It  is  noted  that  the  vector  to  the  left  of  the  equal  sign 
in  Equation  (0-3)  is  identical  to  the  vector  of  Equa- 
t ion  (0- 12) . 

Step  2 of  the  algorithm 

The  second  step  consists  of  using  the  FHT  to  multiply 
the  vector  m by  a Hadamard  matrix  in  natural  form.  In  this 

IT 

appendix,  a Hadamard  matrix  which  can  be  generated  from 


1 1 
1 -1 


by  the  recursion  relation 


(0-13) 
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(D- 14) 


\ 


h2  k 


H 

-H 


k 

k 


is  referred  to  as  a Hadamard  matrix  in  natural  form.  The 
subscripts  in  Equation  (D-14)  indicate  the  dimension  of  the 
matrix;  that  is,  is  a kxk  matrix. 

The  number  of  sign  changes  along  a row  in  a Hadamard 
matrix  is  called  the  sequency  of  that  row  [Harmuth,  1972]. 
It  follows  from  Equations  ( D - 1 3)  and  (D-14]  that 
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(D-15) 


(D-16) 


where  the  sequency  of  each  row  is  indicated  to  the  right  of 
these  matrices.  The  Hadamard  matrices  in  Equations  (D-16) 
and  (D-4)  are  identical. 
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If  the  rows  of  a liadamard  matrix  in  natural  form  are  re- 
arranged in  order  of  increasing  sequency,  the  liadamard  matrix 
is  said  to  be  in  ordered  form.  FHT  algorithms  exist  for  both 
the  natural  [Nelson  and  Fredman,  1970;  Andrews , 1970; 

Ahmed  et  al . , 1971]  and  ordered  [Mans , 1972;  Larson,  1976 J 
forms.  The  FHT  for  the  natural  form  is  used  in  the  algorithm 
described  in  this  appendix.  Inasmuch  as  the  rows  of  liadamard 
matrices  in  both  natural  and  ordered  forms  are  Walsh  func- 
tions [ Harmuth , 1972],  the  FHT  is  sometimes  called  the  fast 
Walsh  transform. 

Fast  transform  algorithms  can  be  found  if  the  transform 
matrix  can  be  factored  into  matrices  with  many  zero  elements 
[Andrews,  1970].  The  matrix  in  Equation  (D-16)  can  be 
factored  as 


/y8  W3W2W1 


where 
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(D- 18) 
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10100000 
0 1 0 1 0 0 0 0 

10-100000 
010-10000 
0 0 0 0 1 0 1 0 

00000101 
000010-10 
0000010-1 


(D- 19) 


10001000 
0 1 0 0 0 1 0 0 

0 0 1 0 0 0 1 0 

0 0 0 1 0 0 0 1 

1000-1000 
01000-100 
001000-10 
0 0 0 1 0 0 0 -1 


CD-20) 


The  matrix  in  liquation  (D-16)  can  also  be  factored  as 


H8  “ Q3Q2Q1 


CD- 21) 


where 
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1000  -1  000 
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CD-22) 
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A third  factorization  of  h % is 


where 


110  0 

0 0 11 

0 0 0 0 

0 0 0 0 

1-10  0 

0 0 1-1 

0 0 0 0 

0 0 0 0 


0 0 0 0 

0 0 0 0 

110  0 
0 0 11 

0 0 0 0 

0 0 0 0 

1-1  0 0 
0 0 1-1 
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(0-24) 


(D-25) 


(0-26) 
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Equations  (D-17),  (D-21),  and  (D-25)  correspond,  re- 
spectively, to  the  FHT  algorithms  of  Nelson  and  Fredmar., 
[1970],  Ahmed  et  al . , [ 1 9 7 1 ] > and  Andrews,  [1970].  In  each 

case,  the  matrix  h g is  factored  into  three  matrices  each 

7* 

with  only  two  nonzero  elements  per  row.  Thus,  to  multiply 
a vector  by  one  of  the  rows  requires  only  one  addition  or 
subtraction.  Therefore,  since  can  be  factored  into 
three  matrices  each  with  eight  such  rows,  multiplication  ut 
a vector  by  H g requires  only  3x8  = 24  additions  or 
subt  ract i ons . 

In  general,  multiplication  of  a vector  by  requires 
IV  1 og t A?  additions  or  subtractions.  Signal-flow  graphs  are 
helpful  in  identifying  the  pattern  of  the  operations 
required.  Signal-flow  graphs  for 

t = tfg y (D- 27) 

with  the  factorizations  given  in  Equation  (D-17),  (D-21)  and 
(D-2S)  are  given  in  Figure  D-l,  where  y = {y^>  •••»  y g)  and 
t *=  (tj,  . ..,  tg)  . The  columns  of  nodes  numbered  1,  2,  and 
3 in  Figure  D-l  correspond  to  multiplication  by  the  matrices 
which  have  subscriptions  of  1,  2,  and  3 in  Equations  (D-17), 
(D-21)  and  (D-25). 

Any  FHT  algorithm  for  Hadamard  matrices  in  natural  form 
can  be  used  to  perform  step  2.  However,  only  the  algorithm 
given  by  Nelson  and  Fredman  [1972]  is  described  in  further 
detail.  A signal-flow  for  their  FHT  algorithm  is  given  in 
Figure  D-2.  The  form  of  the  signal-flow  graphs  in  Figure  I) - 2 
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Figure  D-l.  FHT  signal  flow  graphs.  (a),  (b)  , and  (c) 

correspond,  respectively,  to  Equations  CD-I  / J 
(D- 2 1)  , and  (D- 2 5)  . 


and  part  (a)  of  Figure  D-l  are  identical;  only  the  notation 
is  different.  Their  FHT  algorithm  consists  of  three  phases. 

Phase  1 of  the  FI  IT  algorithm.  Let  the  vector  to  be 
transformed  be  represented  by  [F(0),  . ..,  F( 2^-1)],  where  n 
is  an  integer.  For  the  binary  n tuples  (p  j,  f 2»  • • • > 

F0) , set 


Equation  CD-28)  simply  means  that  . ..,  Uq)  is  set 

equal  to  F[k),  where  , . ..,  Mq  is  the  base  2 

number  corresponding  to  the  base  10  number  k.  Thus,  as 
shown  in  Figure  D-2,  Fq(1,1,0)  = F ( 6 ) since  n equals  3 for 
a vector  with  eight  elements. 

Phase  2 of  the  FHT  algorithm.  The  required  additions 
and  subtractions  are  identified  using  the  recursion  relation 


F {\i 
f-n- 


,u0  •*  = 


MJ  ,0,UJ- 2 


(-1) 


y.7-l 


FC- 1 


(tVl  ’ * ‘ • 2 


(D- 29) 


for  1 <_  j £ n . For  example  , (0 , 1 , 1)  = F-j  ( 0,0,1)  - Fj  (0 , 1 , 1 ) 

in  Figure  D-2. 


Phase  3 of  the  FUT  algorithm.  The  third  phase  is  simi- 
lar to  the  first  phase.  Set 


2 2jP(7-)  = W 1’  •••'  y0)  ’ (D-3°5 

J = 0 ' 

Yl 

for  the  2 binary  w tuples  . ..,  Pq) • The  vector 

[#(0)  , /?(2”-l)]  is  the  Hadamard  transform  of  the  vecto' 

[F(0)  , . . . , F (2"-l)] . 

In  summary,  step  2 of  the  algorithm  consists  of  trans- 
forming the  vector  into  the  vector  x by  means  of  the  FHT. 

Step  3 of  the  algorithm 

In  this  step  the  vector  x is  recovered  from  the  vector 
x.  This  recovery  is  accomplished  by  deleting  the  first 
element  of  the  vector  x to  form  the  vector  x.  Then  x is  per- 
muted to  form  the  vector  x . Finally,  each  component  of  x 
is  multiplied  by  -2/(ff+l)  to  recover  the  vector  x. 

The  permutation  required  to  convert  the  vector  x to  the 
vector  x is  referred  to  as  the  tt-,  permutation.  Just  as  for 
the  tt 2 permutation,  the  tt 2 permutation  need  only  be  gener- 
ated once  when  doing  data  reduction  because  it  can  be  easily 
saved  and  applied  to  each  set  of  data.  The  permutation  tt 2 
can  be  generated  using  the  following  procedure.  The  columns 
of  the  matrix  A given  in  Equation  (D-7)  are  permuted  to  form 
a matrix  B whose  Z-th  column  is  the  j-th  column  of  A,  where 
ttj(j)  = Z.  Thus,  for  the  singly-encoded  Hadamard  example 
described  by  Equation  (D-2),  the  matrix  B is  given  by 
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I 


3,  5,  2,  4,  6,  7,  1) 

’loioioi- 
OllOOll 
0 0 0 1 1 1 1 
110  0 110 
0 11110  0 
110  10  0 1 
10  110  10 


(D- 31) 


1,  2,  3,  4,  5,  6,  7) 


where  the  values  of  j and  l above  and  below  the  columns  of 
B identify  the  column  number  of  each  column  in  the  matrices 
A and  B,  respectively.  For  example,  the  second  column  of 
this  B matrix  is  the  fifth  column  of  the  corresponding  A 
matrix.  The  it  ^ permutation  used  to  form  this  B matrix  is 
tabulated  in  Table  D-l. 

In  order  to  compute  the  permutation  a matrix  C is 

formed  by  extracting  n columns  of  the  matrix  B.  This 
matrix  is  given  by 


CD-32) 


where  the  j-t h column  of  C is  the  2’’1 ’ ^ column  of  B.  For  the 

1-1  2-1 

example,  n - 3.  Therefore,  since  2 =1,2  = 2,  and 

3- 1 

2 =4,  the  C matrix  for  the  example  is  formed  from  the 

first,  second  and  fourth  columns  of  the  B matrix  in  Equa- 
tion (D-31).  Consequently,  for  the  example 


1 

2 

3 

4 

5 

6 
7 


001  1 

010  2 

100  4 

011  3 

110  6 

111  7 

101  5 
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Step  3 of  the  algorithm  can  be  summarized  as  follows. 
The  vector  x is  converted  to  the  vector  x by  deleting  the 


first  element.  Then  permutation  = l is  used 

vert  x to  the  vector  a:  . The  Z-th  component  of  xv 
k- th  component  of  x.  The  vector  x is  recovered  by 
plying  each  element  of  x.n  by  -2/(N+l).  Thus,  for 
example,  if  the  vector  x resulting  from  step  2 of 
rithm  is  represented  by 


_ 

then 

x = (x 2 ^ ,x q ,x ^ ,x ^ ,Xy  ,x ^ 


It  follows  from  Table  D-2  and  liquation  (D-35)  that 
example 


x 


T ■ 


Multiplying  each  element  of  the  vector  in  liquation 
by  -2/(Z/+l),  where  N = 7 , yields 


1 -------  — 7* 

x - ,Xy  , x ^ yx  ^ ) 


liquation  ( D - 37)  is  identical  to  Equation  (D-S) 


Evaluation  of  the  a Igor  i thin 


to  con- 
i s t h e 
mu  1 1 i - 
t he 

the  a 1 go  - 

(D- 34 ) 

(D-35) 

for  the 

(11-36) 
(D- 36) 

(D- 37) 


The  algorithm  described  in  this  appendix  is  evaluated 
using  the  following  criteria:  first,  the  number  of  opera- 
tions required,  and  second,  the  number  of  computer  storage 


I 

I 

\ 

I 

I 

locations  required.  The  algorithm  is  compared,  using  these 
two  criteria,  to  conventional  multiplication  by  s' ^ as  well 
as  to  a method  which  exploits  some  of  the  properties  of  the 
S ^ matrix.  In  the  following  evaluation,  N is  the  number 
of  elements  in  the  vector  x.  Throughout  this  appendix,  Ihe 
vector  x is  the  vector  recovered  by  multiplying  the  data 
vector  by  S ' * . 

If  conventional  multiplication  is  used  to  recover  th. 

2 

N elements  of  x,  then  N multiplications,  n(n- 1)  addition 

7 

subtraction  operations,  and  N storage  locations  are 
required.  However,  the  number  of  multiplications  as  well 
as  the  number  of  storage  locations  can  be  reduced  by  ex- 
ploiting the  properties  of  S 1.  As  can  be  seen  from  liqua- 
tion fD-1),  the  matrix  S ^ can  be  represented  by  the  scalar 
2/0+1)  times  a NxN  matrix  of  +l’s  and  -l's.  By  exploiting 
this  representation  of  S ',  multiplication  by  5 ^ can  be 
accomplished  with  N(N-  1)  addition-subtraction  operations 

and  N multiplications.  If  the  S matrix  is  constructed 
using  the  method  described  in  Appendix  C,  the  matrix  S ' is 
cyclic.  Therefore  it  is  only  necessary  to  store  one  row  of 
S 1 which  requires  N storage  locations.  It  is  also  neces- 
sary to  have  N storage  locations  to  store  the  N elements  of 
x . Thus,  multiplication  by  S * can  be  accomplished  using 
2 N storage  locations  if  the  cyclic  property  of  S inverse 
is  exploited.  In  this  appendix,  the  algorithm  which  ex- 
ploits the  two  properties  of  S * in  the  manner  described 
above  is  called  the  exploited  algorithm. 
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lhe  algorithm  described  in  this  appendix  required 
(jV+1)  log  (/V+l)  addition-subtraction  operations,  N multi- 
plications, and  two  permutations  of  N- d i mens i ona 1 vectors. 

In  the  remainder  of  this  appendix  this  algorithm  is  re- 
ferred to  as  the  fast  algorithm,  because  it  requires 
significantly  fewer  operations  than  the  conventional  mul- 
tiplication algorithm  or  the  exploited  algorithm.  The 
permutations  required  by  the  fast  algorithm  can  he  accom- 
plished by  exchanging  the  contents  of  2N  storage  locations. 

The  fast  algorithm  requires  storage  locations  to 
perform  the  FHT  and  also  to  store  the  permutations  tt  ^ and 
.tt 2 . The  storage  requirements  of  the  FHT  can  be  deduced 
from  the  signal-flow  graph  in  Figure  D-l.  The  minimum 
storage  requirement  for  the  FHT  is  N+2.  However,  in  order 
to  achieve  this  minimum,  |f/V+l)/2]  log^  (/1/+1)  exchanges  of 
storage  locations  are  required.  The  number  of  exchanges  of 
storage  locations  can  be  reduced  to  zero  if  2(/V+l)  storage 
locations  are  allocated  to  perform  the  FHT.  Storage  of  the 
ttj  and  71 2 permutations  requires  2 N storage  locations. 

Thus,  the  fast  algorithm  requires  2(/V+l)  +2/1/  = AN  + 2 
storage  locations. 

The  required  number  of  operations  and  storage  locations 
for  the  conventional  multiplication  algorithm,  the  exploited 
algorithm,  and  the  fast  algorithm  are  summarized  in 
Table  D-3. 
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The  speed  of  computation  advantage  of  the  fast  algo- 
rithm over  the  exploited  algorithm  results  because  the  fast 
algorithm  requires  fewer  addi t i on  - sub trac t i on  operations 
than  the  exploited  algorithm.  The  number  of  multiplications 
required  by  both  of  these  algorithms  is  the  same.  A com- 
parison of  the  number  of  addi ti on  - sub tract i on  and  exchange 
operations  required  for  these  two  algorithms  is  given  in 
Table  I)-4.  As  can  be  seen  from  this  table,  the  ratio  of  the 
add i t i on- subtract  ion  operations  for  these  two  algorithms 
increases  rapidly  as  N increases.  For  N = 511,  the  value  of 
N for  the  iladamard  masks  used  in  the  spectrometer  construc- 
ted for  this  Hadamard  study,  the  fast  algorithm  requires  a 
factor  of  57  fewer  add i t i on  - sub  tract i on  operations  than  the 
exploited  algorithm.  For  N = 511,  the  number  of  addition- 
subtraction  and  exchange  operations  is  a factor  of  46  less 
for  the  fast  algorithm  than  for  the  exploited  algorithm. 
Since  the  time  required  for  the  computer  to  exchange  the 
contents  of  two  storage  locations  is  on  the  order  of  the 
time  required  to  perform  an  addition-subtraction  operation, 
multiplication  by  S 1 for  N = 511  can  be  accomplished  46 
times  faster  using  the  fast  algorithm  than  by  using  the 
exploited  algorithm. 

Computer  programs  to  implement  the  algorithm 

A basic  set  of  computer  programs  to  implement  this 
algorithm  using  a Digital  Equipment  Corporation  PDP-8/E  are 
listed  in  Appendix  H.  Multiplication  by  S’1  is  accomplished 
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Table  D-4.  A numerical  comparison  of  the  computer  operations  required 
for  the  fast  algorithm  and  the  exploited  algorithm. 
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by  calling  the  subroutine  HSPEC.  This  subroutine  calls  the 
subroutine  Fill  which  uses  the  fast  Hadamard  transform  algo- 


i 

* 

: 

( 

[ 

rithm  described  by  Equation  (D-28)  through  (11-30).  However, 
before  the  subroutine  HSPEC  is  called,  the  main  programs 
PI  and  PRMPL  must  be  run  to  generate  permutations  equivalent 
to  7i  i and  Ti  2 . 


Appendix  1: 

A General  Ray -Tracing  Procedure 

This  appendix  describes  how  to  use  the  ray-tracing 
procedure  of  Spencer  and  Murty  [1962J.  This  ray-tracing 
procedure  is  well  suited  to  digital  computer  implementation; 
it  is  an  algebraic  rather  than  a trigonometric  procedure. 

It  is  also  general  enough  to  be  used  with  almost  any  practi- 
cal optical  system.  The  general  applicability  of  this  ray- 
tracing procedure  is  accomplished  by  describing  each  optical 
surface  in  terms  of  a local  coordinate  system,  whose  posi- 
tion and  orientation  relative  to  a reference  coordinate 
system  is  specified.  In  this  ray-tracing  procedure,  a ray 
is  specified  by  its  direction  cosines  and  the  Cartesian 
coordinates  of  a point  on  the  ray.  A ray  is  traced  through 
an  optical  surface  by  using  the  following  four  steps. 

First,  the  coordinates  of  a point  on  the  ray  as  well  as  the 
direction  cosines  of  the  ray  are  transformed  from  the  refer- 
ence coordinate  system  to  the  local  coordinate  system  of  the 
optical  surface.  Second,  the  coordinates,  in  the  local 
coordinate  system,  of  the  point  where  the  ray  intersects  the 
optical  surface  are  computed.  Third,  the  direction  cosines, 
in  the  local  coordinate  system,  of  the  ray  after  its  direc- 
tion is  altered  by  the  surface  are  computed.  This  change  in 
direction  is  due  to  either  reflection,  refraction,  or 
diffraction.  Fourth,  the  coordinates  computed  in  the  second 
step,  as  well  as  the  direction  cosines  computed  in  the  third 
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step,  are  transformed  from  the  local  coordinate  system  to 
the  reference  coordinate  system.  In  some  cases,  it  is  pos 
sible  to  omit  the  first  and  the  fourth  steps  and  perform 
the  second  and  third  steps  using  the  reference  coordinate 
system.  This  appendix  described  how  to  perform  these  four 
steps . 

Transformation  to  the  local 
coordTnate  system  ~ 

The  reference  and  the  local  coordinate  systems  are 
shown  in  Figure  F.-1.  The  xi/i-coordinate  system  is  the 
reference  coordinate  system,  and  the  xyz-coordi  natc  system 
is  the  local  coordinate  system  of  the  optical  surface.  The 
points  0 and  0 are  the  origins  of  the  reference  and  local 
coordinate  systems,  respectively.  The  point  P is  an  arbi- 
trary point  on  the  ray.  The  coordinates  of  the  point  0 are 
xq>  y q > an<J  * ()  in  the  reference  coordinate  system.  The 
coordinates  of  the  point  P are  xp , yp,  and  zp  in  the  local 
coordinate  system  and  xp , ypt  and  zp  in  the  reference 
coordinate  system.  The  direction  cosines  of  the  ray  are  k, 
l,  and  m in  the  local  coordinate  system  and  £ , T,  and  m in 
the  reference  coordinate  system.  As  given  by  Spencer  and 
Murty  [ 1 9 6 2 j , the  transformation  equations  from  the  refer- 
ence coordinate  system  to  the  local  coordinate  system  are 
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(E-3) 

The  angles  a,  g,  and  y in  liquation  (Fi-3)  are  the  Euler 
angles  defined  in  Figure  E-2.  As  shown  in  this  figure,  the 
xyz- coordinate  can  be  generated  from  the  xyz -coordinate  sys- 
tem by  a translation  of  0 to  o and  by  three  successive  rota- 
tions of  a,  g,  and  y.  The  angles  a,  3,  and  y are  all  posi- 
tive when  the  rotations  are  in  the  directions  shown  in 
Figure  F.-2. 

Computer  subroutines  to  implement  the  transformation 
from  the  reference  coordinate  system  to  the  local  coordi- 
nate system  are  listed  in  Appendix  Ii.  The  rotation  matrix 
R of  Equation  (E-3)  is  computed  by  the  subroutine  RMAT. 

The  t rans f ormat i ons  of  Equations  (E-l)  and  (E-2)  are  per- 
formed by  the  subroutines  TRNS1  and  TRNS2,  respectively. 
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into  (X",Y",Z")  . (c)  The  angular  rotation  y transforms 

into  (X ,Y ,Z)  . 


Computation  of  the  coordinates  of 
the  po i nt  of  intersection  o f~the 
ray  with  the  optical  surface 

The  number  of  arithmetric  operations  can  be  minimized 
by  computing  the  coordinates  of  the  point  of  intersection 
in  steps.  This  step-by-step  method  of  computation  prevents 
repeated  evaluation  of  the  same  quantities.  The  length  h 
of  the  ray  from  the  point  P to  the  z - 0 plane  is  computed 
first  using 

h = zp/m  . (K-4) 

The  coordinates  Xj , y ^ , and  z^  of  the  point,  where  the  ray 
strikes  the  plane  defined  by  z = 0 , are  computed  next  using 
the  equations 


xY  = kh  + xp  , (E-5J 

yl  = Zfr  + yp  , (E-6) 

and 

3j  = 0 . (E-7) 

Next,  the  distance  measured  along  the  ray  from  the  z - 0 
plane  to  the  optical  surface  is  computed.  This  distance 
is  computed  using  the  Newton- Raphson  iteration  technique 
[Moursund  and  Duris,  1967].  This  technique  converges 
rapidly  and  allows  the  programmer  to  control  the  accuracy 
of  the  solution.  The  value  of  s is  found  using  the  itera- 
tion equation 
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f{x,y,z)  = 0 

is  the  equation  of  the  optical  surface, 
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The  derivative  in  Equation  (E-8)  can  be  computed  from  the 
equat ion 
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represents  3// 3x  evaluated  at  x = x . , y - y • , and  z = a .. 

J * J «7 

The  iteration  is  begun  with 


s ^ = 0 


(E- 15) 


and  continued  until 
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(F.-16.) 


where  e is  the  allowable  error  in  computing  a.  After  this 
iteration  procedure  is  terminated,  the  coordinates  ay,  y ^ , 
and  ;y  of  the  point  where  the  ray  intersects  the  surface 
are  computed  from  the  equations 


xf 

= ks  j.  + x j , 

(E- 17) 

yf 

= ls  f + y 1 > 

(E- 18) 

and 

zf 

= msy  , 

( E - 1 9 ) 

where  3 j.  is  the  final 

value 

of 

A set  of  direction  numbers  for  the  surface 

normal  at 

the  point  where  the  ray  strikes  the  surface  are 

required  to 

compute  the  change  in 

the  direction  of  the  ray 

caused  by 

either  reflection,  refraction  or  diffraction. 

A set  of 

direction  numbers  K, 

L , and 

M for  this  normal  can  be  com- 

puted  using 
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= IL 
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(x  ^ »y  ^ > 2y) 

(E- 22) 
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In  order  to  use  Equations  (E-8),  (E-20),  (E-21),  and 
(E-22)  to  trace  a ray  through  a particular  optical  surface, 
the  function  f for  that  surface  must  he  used.  For  example, 

f{x,y,z)  = x^  + y2  + z^  - 2 Rz  =0  IE- 2.3) 

represents  a spherical  surface  whose  center  is  at  x = 0, 
y = 0 , and  z = R.  This  surface  passes  through  the  origin 
and  is  symmetrical  about  the  z axis.  If  the  optical  surface 
shown  in  Figure  E-l  is  spherical,  the  sign  of  R is  positive 
for  the  surface  in  this  figure.  When  f is  represented  by 
Equation  (E-23) , 


9/  = 

9a; 


2.r 


(E-24) 


and 


K = 
ty 


2'j 


(E-  25) 


K 
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2 ( z-R) 


( E - 2 6 ) 


Substituting  Equations  (E-24),  (E-25),  and  (E-26)  in 
Equation  ( E - 13)  yields 


2 \ k x . + l y ■ + m(z  - -R)  ] 

odd 


(E- 27) 


Therefore,  it  follows  from  Equations  (E-8),  (E-23),  and 
(E-27)  that  for  a spherical  surface  which  can  be  represented 
by  Equation  (E-23) 
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( E - 2 8 ) 


SJ  + 1 


2 2 2 
XJ  + yf  + *j  ' 2i?;J 

2 [&  xT  + Z i/j  + m (FT  -R)  } 


It  follows  from  Equations  (F.-20),  (E-21),  (F.-22),  (E-24), 
( E - 2 5 ) , and  ( E - 2 6 ) that  for  this  surface 


CE- 29) 


2 y r > 


(E- 30) 


M = 2 


(E-31 ) 


However,  the  required  number  of  arithmetic  operations  can 
be  reduced  by  deleting  the  factor  of  2 in  Equations  (E-29)  , 
(E-30)  and  (E-31).  This  deletion  is  possible  because  a new 
set  of  direction  numbers  can  be  generated  from  an  existing 
set  of  direction  numbers  by  multiplying  each  of  the  exist- 
ing direction  numbers  by  the  same  constant  [Protter  and 
Morrey , 1964  J . A computer  subroutine  named  ITSP  which  com- 
putes Xj.,  yj.,  Zj.,  K,  L,  and  M for  a spherical  surface  is 
listed  in  Appendix  H. 

Another  common  optical  surface,  besides  the  sphere,  is 
the  paraboloid  of  revolution.  A paraboloid  of  revolution 
which  passes  through  the  origin  and  is  symmetrical  about 
the  z axis  can  be  represented  by 


,y  ,z)  = x2  + y2  - 2 Tz  , 


C E - 3 2 ) 


where  T is  a constant.  The  s ij>n  of  the  a coordinates  of 
points  on  this  surface  is  the  same  as  the  sign  of  T.  If  the 
optical  surface  in  Figure  F.-I  is  a paraboloid  of  revolution, 
the  sign  of  T is  positive  for  the  surface  in  this  figure. 

It  follows  from  liquations  (F-8),  (E-13),  and  (E-32)  that  for 
a paraboloid  of  revolution  represented  by  liquation  (Fi-32), 

2 2 

x . + u . - 2T  a. 

n - O'  0 0 ri'33'l 

a3*  1 8 3 " 2(kx.+  ty.  - Tm)  * M 1 

J 0 

For  this  surface,  it  follows  from  liquations  (E-20),  (li-21), 
(li-22),  and  (E-32)  that 

K = 2xf  , (E-34) 

L = 2y  , C E - 35) 

and 

M = -2T  . f E - 36) 

In  order  to  minimize  the  required  number  of  arithmetic 
operations,  the  factor  of  2 in  Equations  (E-34),  (F-35), 
and  (E-36)  should  be  dropped;  that  is,  x ^ , y r , and  -T 
should  be  used  for  the  direction  numbers  of  the  normal  at 
the  point  where  the  ray  intersects  the  paraboloid  of  revolu- 
tion specified  by  liquation  (E-32).  A computer  subroutine 
named  ITPR  which  computes  Xj.,  y .. , K , L,  and  M for  a 

paraboloid  of  revolution  is  listed  in  Appendix  H. 

The  coordinates  of  the  point  where  a ray  strikes  a 
plane  can  be  computed  from  Equations  (E-5),  (Fi-6)  , and  (F.-7) 
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if  the  local  coordinate  system  is  located  so  that  the  plane 
is  defined  by  the  equation 


(E-37) 


A suitable  set  of  direction  numbers  for  the  surface  normal 
at  all  points  on  this  plane  is  given  by 


and 


K 

L 


M = 1 


( E 38  J 
(11-39) 


(E- 40) 


The  point  where  a ray  intersects  a plane  can  also  be 
computed  in  the  reference  coordinate  system.  A plane  can 
be  specified  in  the  reference  coordinate  system  by  the 
equa  t ion 

A (x  - x 2 ) + B(y  - y 2)  + C{z  - ^ ) = 0 , (E-41) 


where  y 2>  and  r.  2 are  coordinates  of  an  arbitrary  point 

on  the  plane  and  A,  B,  and  C are  a set  of  direction  numbers 
of  a line  normal  to  the  plane.  The  ray  can  be  specified  by 
the  equations 


x = x + rfk  , (F;  - 4 2 ) 

y = Up  + <jl  » ( E - 4 3 ) 


a rid 


j7  m 


(R-44) 
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where  g is  the  distance  along  the  ray  from  the  point  P to 
the  point  on  the  ray  with  coordinates  x,  y,  and  z.  The 
value  of  g which  corresponds  to  the  point  where  the  ray 
strikes  the  plane  can  be  found  by  simultaneously  solving 
liquations  (E-41)  through  (Ti-44)  for  g . The  solution  is 
given  by 


A{x2-Xp)  + B(y2-yp ) + C{z2-zp) 
Ak  + BT  + Cm 


(E- 45) 


The  x,  y,  and  z coordinates  of  the  point  where  a ray  strikes 
a plane  can  be  computed  by  first  computing  the  required 
value  of  g from  liquation  (E-45)  and  then  substituting  this 
value  in  liquations  (E-42)  , (li-43),  and  (E-44).  A computer 
subroutine  named  ITPL  which  computes  the  coordinates  of  the 
point  where  a ray  intersects  a plane  by  using  Equations 
(E-42)  through  (E-45)  is  listed  in  Appendix  H. 

Computation  of  the  direction 
cosines  of  the  ray  after  its 
JTrection  is  altered  by  the 
optical  surface 

Three  processes  which  change  the  direction  of  a ray  are 
considered:  1)  refraction,  2)  reflection,  and  3)  diffrac- 

tion by  a diffraction  grating. 

Re  fract ion . As  proven  by  Spencer  and  Murty  [1962  ],  the 
direction  cosines  of  the  ray  after  refraction  are  given  by 

k'=pk+rx,  (E-46) 


l' 


(E-  47) 


» 


26  3 


\il  + f L 


and 


m'  = UW  + TM  . (E-48) 

The  value  of  p is  computed  from  the  equation 


N 

IT 


(E- 49) 


where  N is  the  index  of  refraction  of  the  medium  in  which 
the  ray  travels  before  it  strikes  the  optical  surface  and 
N'  is  the  index  of  refraction  at  the  medium  into  which  the 
ray  is  refracted.  The  value  of  T is  found  by  solving  the 
equation 

T2  + 2aT  + b , (E-50) 


where 


a 


p ( kK  + IL  + mM) 

2 2 2 
K + L + M 


(E-  51) 


and 


b 


2 i 
P - 1 

— 2 2 1 

K + T + M 


( E - 5 2 ) 


Equation  (E-50)  can  be  solved  by  using  the  quadratic  equa- 
tion or  the  Newton- Raphson  iteration  method.  The  iteration 
equation  for  the  Newton - Raphson  method  is 


r . 

J 


r .2  + 2a  r . + b 

-J  <z_ 

2 C r - + a) 

*J 


(E- S3) 
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liquation  (li-54)  will  converge  to  the  correct  root  if  the 
iteration  is  started  with 


(h - 55) 


The  procedure  to  compute  the  direction  cosines  of  the  re- 
fracted ray  is  to  first  compute  r to  the  desired  accuracy 
using  Equation  (H-54),  and  then  substitute  this  value  of  f 
into  Equations  (li-46),  (E-47)  , and  (E-48).  A computer  sub- 
routine named  RFR  which  implements  this  procedure  is  listed 
in  Appendix  II. 

Reflection.  Reflection  can  he  described  by  using  the 
law  of  refraction  with  N = N ' . Thus,  by  Equation  (E-49)  y 
equals  unity  for  reflection.  If  unity  is  substituted  for  y 
in  Equation  (E-52),  b equals  zero.  Therefore,  Equa- 
tion (E-50)  simp lies  to 

T(r+2a)  = 0 (E- 56) 

for  reflection.  The  physically  correct  root  is 

r = -la  . ( E - 5 7 ) 

Thus,  no  iteration  is  required  to  compute  r for  reflection. 
Substituting  the  value  of  T given  by  Equation  ( E - 5 7)  and  y 


equal  to  unity  in  liquations  (E-46),  (F.-47),  and  (F,-48) 
yields 


anti 


k'  = k - 2a  K , ( E - 5 8 J 

l ' = l - 2a  L , C E - 5 9 J 


m'  = m - 2a  M 


(E - 60  J 


Thus,  the  procedure  for  computing  the  direction  cosines  of 
the  reflected  ray  is  to  first  compute  a from  Equation  (E-Sl), 
with  p equal  to  unity,  and  then  substitute  this  value  of  a 
into  Equations  (E-58),  ( E - 5 9 ) , and  (E-60).  A computer  sub- 
routine named  RFL  which  implements  this  procedure  is  listed 
in  Appendix  H. 

Diffraction  by  a diffraction  grating.  As  proven  by 
Spencer  and  Murty  { 1 9 6 2 ] , the  direction  cosines  of  the  ray 
after  diffraction  by  a diffraction  grating-  are  given  by 


and 

$ 


k'  = k - Aw  + YK 

l'  = l - hv  + YL 


m'  = m - Aw  + TW 


(E-61) 
CE  - 62) 


(E-63) 


The  rulings  of  most  practical  grating  can  be  specified  by 
the  intersection  of  a family  of  parallel  planes  with  the 
grating  surface  as  illustrated  in  Figure  E-3.  For  gratings 
whose  rulings  can  be  specified  in  this  way,  the  values  of 
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Figure  E-3.  Specification  of  the  rulings  of  a conventional 
grating  by  means  of  the  intersection  of  a 
family  of  parallel  planes  with  the  grating 
surface . 


u,  v,  and  w are  computed  from  the  following  equations: 


I 


The  value  of  r is  found  by  solving 

T2  + 2aT  + b'  = 0 , 

where  a is  given  by  Equation  (E-51)  and 


( E - 6 4 ) 


(E-65) 


( E - 6 f ) 


(E-67) 


1 + A - 2pA  (ku  + Iv  + mu) 

2 2 2 
K + L + M 


C E - 6 8 ) 


The  value  of  p in  Equation  (E-68)  is  computed  from  Equa- 
tion (E-49),  with  N representing  the  index  of  refraction  of ■ 
the  medium  in  which  the  ray  travels  before  striking  the 
grating,  and  N'  representing  the  index  of  refraction  of  the 
medium  in  which  the  diffracted  ray  travels.  Since  the  form 
of  Equations  (E-50)  and  (E-67)  are  identical,  it  follows 
from  Equation  (E-S4)  that  the  value  of  T which  satisfies 
Equation  (E-67)  can  be  found  by  using  the  iteration 
equation 


( E *69) 


r.  - b' 
TCvpiU  • 


For  a reflection  grating,  the  iteration  indicated  by 
liquation  (1--69)  should  be  started  with 


The  value  of  A is  computed  from  the  equation 


(E- 70) 


n A 

N'd  ’ 


(E-71) 


where  n is  the  integral  diffraction  order,  A is  the  wave- 
length and  d is  the  grating  spacing  in  the  region  where  the 
ray  intersects  the  grating.  If  in  the  region  where  the 
ray  strikes  the  grating  the  spacing  between  the  planes 
which  specify  the  rulings  is  d as  shown  in  Figure  E-3, 
then 


d = -E-  . 

u 


(E- 72) 


The  following  three  steps  are  used  to  compute  the  direction 
cosines  of  the  diffracted  ray.  First,  the  values  of  u,  v, 
w , a,  b'  and  A are  computed.  Second,  the  value  of  T is 
computed  to  the  desired  accuracy.  Third,  the  direction 
cosines  are  computed  using  Equations  (E-61),  (E-62),  and 
(E-63).  A computer  subroutine  named  DFR  which  uses  this 
procedure  to  compute  the  direction  cosines  of  a ray  diffrac- 
ted by  a plane  grating  is  listed  in  Appendix  H.  However, 
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this  subroutine  performs  all  computations  in  the  reference 
coordinate  system;  coordinate  system  transformations  imme- 
diately before  and  immediately  after  this  subroutine  is 
called  are  not  required.  This  subroutine  and  the  sub- 
routine 1TPL  can  be  used  together  to  trace  the  path  of  rays 
interacting  with  a plane  diffraction  grating. 

Transformation  to  the  reference 
coordinate  system 

The  coordinates  Xj.,  y^.,  and  z ^ where  the  ray  inter- 
sects the  surface  and  the  direction  cosines  k ' , l' , and  m' 
of  the  ray  leaving  the  surface  are  transformed  to  the  refer 
ence  coordinate  system  using  the  equations 


and 


r*  ' 

r 

- 

Xf 

xo 

"f 

= R~  1 

yf 

+ 

y0 

zr. 

.zf. 

. z0. 

(E- 73) 


(E- 74) 


The  inverse  of  R is  the  transpose  of  R;  that  is, 


R 


-1 


(E- 75) 


The  computer  subroutine  RMAT,  which  is  listed  in  Appendix  H 
computes  R ^ as  well  as  R.  The  computer  subroutines  TRNS3 
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and  TRNS4  , which  are  also  listed  in  Appendix  H,  evaluate 
Equations  (E-73)  and  ( E - 7 4 ) , respectively. 

Summary 

This  ray-tracing  procedure  consists  of  repeated  appli- 
cations, at  each  optical  surface,  of  the  following  four 
steps:  1)  transform  to  the  local  coordinate  system, 

2)  find  where  the  ray  strikes  the  surface,  3)  find  the 
direction  ot  the  ray  after  it  interacts  with  the  surface, 
and  4)  transform  back  to  the  reference  coordinate  system. 
In  some  cases  it  is  advantageous  to  omit  the  first  and 
fourth  steps.  The  computer  subroutines  RMAT,  TRNS1,  TRNS2, 
TRNS3 , TRNS4 , 1TSP,  ITPL,  ITPR,  RPR,  RET.,  and  DPR  perform 
these  four  steps.  These  subroutines  can  be  used  to  trace 
rays  through  a particular  optical  system  by  writing  a com- 
puter program  which  calls  these  subroutines  in  the  order 
required  for  that  particular  optical  system.  For  example, 
the  programs  CT1,  CT2,  CT3 , CT4 , CT5 , and  CT6 , which  are 
listed  in  Appendix  H,  illustrate  how  these  subroutines  can 
be  used  to  trace  rays  through  a Czerny-Turner  spectrometer. 
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Append  i k F 

Derivation  of  hxp  res. si  Otl  for  Meridional  Focal  Length 
of  a Spherical  Mirror 

Meridional  rays  are  those  rays  which  lie  in  a plane 
containing  the  optical  axis  of  the  system.  The  location  of 
the  meridional  image  point,  the  point  where  meridional  rays 
are  focused,  is  found  by  first  tracing  a principal  ray  from 
the  object  point  and  then  solving  the  following  equation 
for  t ' [Smith,  1966 | 

N'  cos2  I'  JV  cos  1 , . r T.  , 

P = ~ + <p  . (b-1) 

The  variables  t and  t'  are,  respectively,  the  distances 
measured  along  the  principal  ray  from  the  optical  surface 
to  the  object  and  image  points.  The  variables 
N and  N'  are , respectively,  the  indices  of  refraction  before 
and  after  the  optical  surface.  The  variables  I and  i'  arc, 
respectively,  the  angles  between  the  principal  ray  and  the 
surface  normal  before  and  after  this  ray  strikes  the  optical 
surface.  The  symbol  <J>  , the  oblique  power  of  the  surface,  is 
defined  by 

<t>  - (!/'  cos  I'  - IV  cos  !)//?  , C P ~ 2 ) 

where  R is  the  radius  of  the  optical  surface. 

For  reflection 

I*  --I--  , ( P - 3 ) 


ppyrrmtua  pjkflS  Mtt  FLLMtD 
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» 


and  in  air 


N'  = - N 


i 


( F - 4 ) 


lor  a spherical  mirror,  Equations  (F-2),  (F-3),  and  (F-4) 
indicate  that  the  oblique  power  is 


2 cos  I 
R 


(F-5) 


If  the  incident  rays  arc  collimated,  t is  infinite.  If 
hquation  (F-5)  is  substituted  into  Equation  (F-l)  and  the 
resulting  equation  is  solved  for  t'  with  t infinite  , then 


cos  I 


(F-6) 


liquation  (F-6)  gives  the  distance,  measured  along  a prin- 
cipal ray,  from  the  spherical  mirror  to  its  meridional 
focus.  The  meridional  focus  of  a spherical  mirror  is  illus 
trated  in  Figure  F-l. 
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Figure  f- 


\ 


The  meridional  focal  length  of  a spherical 
mirror. 
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Appe  n di  x G 

De rivation  of  an  Expression  for  the  Grating  Rotation 
Angle  of  a Czerny-Turncr  Spectrograph 

A c losed- fo rm  equation  which  can  he  used  to  compute  the 
required  angular  setting  of  the  grating  for  a Czerny-Turner 
spectrograph  so  that  radiation  of  the  desired  wavelength  is 
at  the  center  of  the  focal  plane  is  derived  in  this 
appendix . 

The  angles  used  in  this  derivation  arc  illustrated  in 
Figure  G-l.  The  diffracted  ray  shown  in  this  figure  ulti- 
mately strikes  the  center  of  the  focal  plane.  The  reference 
line  in  this  figure  bisects  the  angle  formed  by  the  incident 
ray  and  this  diffracted  ray.  The  angle  Oj  which  is  one  half 
of  the  angle  between  these  two  rays  is  a constant.  The 
angles  a and  fi  are,  respectively,  the  angles  of  incidence 
and  diffraction.  These  angles  satisfy  the  grating  equation 
| Born  and  Wolf,  1965] 

sina  + sing  = k\/d  , (G-l) 

where  k is  the  integral  order  of  the  diffraction,  d is  the 
distance  between  grating  rulings,  and  A is  the  wavelength 
of  the  radiation  that  is  directed  to  the  center  of  the 
spectrograph's  focal  plane.  It  can  be  seen  from  Figure  G-l 
that 


GRATING 


Figure  G- 1 . The  optical  path,  in  the  region  of  the 

grating,  of  a ray  that  passes  through  the 
center  of  the  focal  plane  in  a Czerny- 
Turner  spectrograph. 
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and 


6 = a + 20j  . CG- 3) 

If  Liquation  (G-3)  is  substituted  in  liquation  (G-l)  and 
the  trigonometric  identity  for  the  sine  of  the  sum  of  two 
angles  is  applied,  the  resulting  equation  is 

sinu  + sina  cos  20  j + cosa  sin  20  j = kX/d  . (G-4) 

By  the  use  of  the  trigonometric  identities  for  the  sine  and 
cosine  of  twice  an  angle,  it  can  he  shown  that  liquation  (G-4) 
is  equivalent  to 

sinoi  + sina(2cos  0^-1)  + 2cosa  sinOj  cosOj  = kX/d  . (G-5) 

If  liquation  (G-5)  is  expanded  and  if  the  trigonometric 
identify  for  the  sine  of  the  sum  of  two  angles  is  again 
used,  this  equation  reduces  to 

2 COS0,  sin(a+0j)  = kX/d  . ( G - 6 ) 

If  Equation  (G-2)  is  substituted  in  Equation  (G-6)  , the 
resulting  equation  can  be  written  as 

sin  0.,  = -jl — — . (G-7) 

G 2d  cos  0, 

As  can  be  seen  from  this  equation,  the  sine  of  0^  is 
linearly  proportional  to  the  wavelength  of  the  radiation 
at  the  focal  plane  center. 
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APPENDIX  H 


General  purpose  ray-tracing 
subroutines 

SUBROUTINE  TRNS1 


l C SUBROUTINE  TRNS1 

? c: 

j c 

4 SUBRCIU  TINE  TRNSt  ( f v M » X » Y * / » X/l-  RO  r YZfc'RO  r ZZERO  ) 

5 C 

6 C THIS  SUBROUTINE  CONVERTS  T HI  CARTESIAN  COORDINATES  FROM 

f C THI  ORIGINAL  COORD  I NA  IF  SYSTEM  TO  T HI  NEW  COORDINATE  SYSTEM. 

B C 

9  C I NF'UT 

10  Rh  IS  THE  ROTATION  MATRIX 

11  l UN  INPUT  X » Y » Z ARI  HIT  COORD  I NA  Tb  S IN  IHfc  ORIGINAL  COORDINATE 

12  C SYSTEM. 

M C X/E RO, Y/l  RO*//FKO  ARE  THI  COORDINATES  Oh  1 HE  ORIGIN  OT  THE 

14  l NT  U CUOKDINA II  SYSTEM  IN  1 1 II  OP  I 0 1 NAI  i OUR  DA  T NATE  SYSTEM. 

15  C 

16  C OUTPUT 

1 f C ON  ourilll  X f Y * / ARI  THE  ID  lURDlNA  Ili.  IN  THE  Ml  U 

IB  C COORDINATE  SYS  II-  M. 

IV  C. 

I'O  I I HIS  IS  A RAY  (RASING  PROGRAM  ADAPTED  E RUM  THE  METHODS  0F; 

21  I SI  l NCI. R AND  MUR  l Y JOSA  VOI  .SO,  I ./,/?,  1 Vr  J . 

22  C 

21  DIMENSION  RM  < 1 , 1 ) r ( ( 1 > » D < S » 

:»-i  ncn  x * zero 

25  DC)  Y YZF.RU 

26  IKU  Z /ZERO 

2 / DU  T 1.  l r .1 

2H  FOTaI  0. 

29  DO  4 ) I,. 5 

JIO  4 I THAI  KM<  I * ,i)*D(  J>  f TOT  AI 

f.  I v i (1)  TOTAI 

i ? x c:  c i ) 

,h  Y-r:<2) 

T4  / c < i > 

V.)  RETURN 

<6  E ND 


C SUBROUTINE  TRNS2 
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1 C SUBROUTINE  TRNS2 

2 C 

3 C 

4 SUBROUTINE  TRNS2 ( RM r DK f DL * DH ) 

5 C 

6 C THIS  SUBROU7 I NE  CONVERTS  THE  DIRECTION  COSINES  FROM  THE 

7 C ORIGINAL  COORDINATE  SYSTEM  TO  THE  NEW  COORDINATE  SYSTEM. 

8 C 

9 C INPUT 

10  C RM  IS  THE  ROTATION  MATRIX 

11  C ON  INPUT  DK » DL » DM  ARE  THE  DIRECTION  COSINES  IN  THE  ORIGINAL 

12  C COORDINATE  SYSIFM 

13  C 

14  C OUTPUT 

15  C ON  OUTPUT  DK » DL » DM  ARE  THE  DIRECTION  COSINES  IN  THE  NEW 

16  C COORDINATE  SYSTEM. 

17  C 

18  C THIS  IS  A RAY  TRACING  PROGRAM  ADAPTED  FROM  THE  METHODS 

19  C OF  SPENCER  AND  MURTY  JOSA  VOL.  52 f P.  672 r 1961. 

20  C 

21  C 

22  DIMENSION  RM<3* 3 ) rC<3) * 0(3) 

23  D < 1 ) =DK 

24  D ( 2 ) -DL 

25  IK  3) -DM 

26  DO  3 1=1  f 3 

27  TOT  AL  = 0 . 

28  DO  4 J= 1 » 3 

29  4 TOTAL=RM< I » J)*D< J)+ TOTAL 

30  3 C < I ) =T0  TAI 

31  DK=C ( 1 ) 

32  DL=C ( 2 ) 

33  DM  =C  < 3 ) 

34  RETURN 

35  END 


C SUBROUTINE  TRNS3 


1 C SUBROUTINE  TRNS3 

2 C 

3 C 

4 SUBROUTINE  TRNS3 (RM I*X*Y*Z»  X7ER0 f Y ZERO  r 2 ZERO ) 

5 C 

6 C THIS  SUBROUTINE  CONVERTS  THE  CARTESIAN  COORDINATES  FROM 

7 C THE  NEW  COORDINATE  SYSTEM  BACK  TO  THE  ORIGINAL  COORDINATE 

8 C SYSTEM. 

9 C 

10  C INPUT 

11  C RMI  IS  THE  ROTATION  MATRIX  INVERSE. 

12  C ON  INPUT  XfYfZ  ARE  THE  COORDINATES  IN  THE  NEW  COORDINATE 

13  C SYSTEM. 

14  C XZEROfYZEROfZZERO  ARE  THE  COORDINATES  OF  THE  ORIGIN  OF  THE  NEW 

15  C COORDINATE  SYSTEM  IN  THE  ORIGINAL  COORDINATE  SYSTEM. 

16  C 

17  C OUTPUT 

18  C ON  OUTPUT  XfYfZ  ARE  THE  COORDINATES  IN  THE  ORIGINAL  COORDINATE 

19  C SYSTEM. 

20  C 

21  C THIS  IS  A RAY  TRACING  PROGRAM  ADAPTED  FROM  THE  METHODS  OF 

22  C SPENCER  AND  MURTY  JOSA  VOL.  52 » P.  672  f 1961. 

23  C 

24  DIMENSION  RMI ( 3 f 3 ) f C < 3 > f D< 3 ) 

25  D< 1 >*X 

26  D ( 2 > = Y 

27  D<  3 ) =Z 

28  DO  3 1=1 f 3 

29  T0TAL*0. 

30  DO  4 J=  1 f 3 

31  4 TOTAL=RMI < I f J)*D< J)+TOTAL 

32  3 C ( I > -TOT  AL 

33  X=C  < 1 ) +XZERO 

34  Y=C  < 2 ) ♦ YZERO 

35  Z=C  < 3 ) -f  ZZERO 

36  RE  TURN 

37  END 
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SUBROUTINE  TRNS4 


C 


3 

4 

5 

6 

7 

8 
9 

10 
t 1 
12 

13 

14 

15 

16 
1 7 
18 

19 

20 
21 

23 

24 

25 

26 

27 

28 

29 

30 

31 

32 

33 

34 


C 

C 

C 

C 

C 

C 

c: 

c 

c 

c 

c 

c 


c 

c 

c 

r: 

c 


4 

3 


SUBROUTINE  TRN S4 


this  page  is  best  quality  practicable 

TOOM  COPY  FURNISHjSD  TO  ^ 


SUBROUTINE  TRNS4  ( RMT  » DK  * lit  ? I'M  ) 

THIS  SUBROUTINE  CONVERTS  THE  DIRECTION  COSINES  FROM  THE  NEW 
COORDINATE  SYSTEM  BACK  TO  THE  ORIGINAL  COORDINATE  SYSTEM. 


INPUT 

RMI  IS  THE  ROTATION  MATRIX  INVERSE. 

ON  INPUT  DK * DL » DM  ART  THE  DIRECTION  COSINES  IN  THE  NEU 
COORDINATE  SYSTtM. 

OUTPUT 

ON  OUTPUT  DKrDl  r DM  ARM  THE  DIRECTION  COSINES  IN  THE  ORIGINAL 
COORDINATE  SYSTEM. 

THIS  IS  A RAY  TRACING  PROGRAM  ADAPTED  FROM  THE  METHODS  OF 
SPENCER  AND  MURTY  JOSA  VOl .G2rP.672r 1961 . 

DIMENSION  RMI  <3»3>  »l  <3>  rIK3> 

D< 1 ) DK 
D ( 2 ) =DL 
D<3) =DM 
DO  3 1 = 1 r 3 
T0TAL=0. 

DO  4 J=  1 ? 3 

TOTAL=RMI ( I » J)*D( J)+ TOTAL 
C( I ) =T0  TAL 
DK  =C ( 1 ) 

DL=C ( 2 ) 

DM=C  < 3 > 

RETURN 

END 


C SUBROUTINE  RMAT 


1 C 

2 C 

3 C 

4 

5 C 

6 C 

7 C 

8 C 

9 C 

10  C 

11  C 

12  C 

13  C 

14  C 

15  C 

16  C 

17  C 

18  C 

19  C 

20 
21 
22 

23 

24 

25 

26 

27 

28 

29 

30 

31 

32  1 

33 

34 


SUBROUTINE  RMAT 

SUBROUTINE  RMAT ( ALPHA  r BET  A » GAMMA  ? RM » RMI ) 

THIS  SUBROUTINE  CALCULATES  THE  ROTATION  MATRIX  AND  ITS  INVERSE 
FOR  THE  TRANSFORMATION  FROM  THE  OLD  TO  A NEW  COORDINATE 
SYSTEM. 

ALPHA » BE  TA  ? GAMMA  ARE  IHE  EULER  ANGLES  IN  RADIANS. 

RM  IS  THE  ROTATION  MATRIX. 

RMI  IS  THE  ROTATION  MATRIX  INVERSE. 

THIS  IS  A RAY  TRACING  PROGRAM  ADAPTED  FROM  THE  METHOS  OF 
SPENCER  AND  MURTY  JOSA  VOL. 52 r P.672r  1961. 


DIMENSION  RM ( 3 » 3 ) » RM I < 3 ? 3 ) 

RM ( 1 » 1 >=COS< ALPHA )*COS< GAMMA )+S IN (ALPHA ) *S IN (BETA) *S IN (GAMMA) 
RM( 1 r 2 >=-COS< BETA) *SIN (GAMMA) 

RM< 1 r3)=-SIN< ALPHA) *COS< GAMMA >+COS< ALPHA >*SIN< BETA) *SIN< GAMMA) 
RM(2r 1 >=COS( ALPHA >*SIN< GAMMA) -S INC  ALPHA > *S INC  BETA) *COS< GAMMA) 
RM<2, 2 > =COS ( BETA )*COS< GAMMA) 

RM(2r 3 >=-SIN< ALPHA )*SIN( GAMMA) -COS (ALPHA )*SIN( BETA )*COS< GAMMA) 
RM(3»1)=SIN<  ALPHA  > #COS < BETA ) 

RM  < 3 r2  >=SIN< BETA ) 

RM ( 3 f 3 ) =COS ( ALPHA ) *COS ( BETA ) 

DO  1 1=1 » 3 
DO  1 J : 1 . 3 
RM  I ( If J)=RM( Jr  I) 

RETURN 

END 
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C SUBROUTINE  ITFL 


THIS  PAGE 


1 C SUBROUTINE  ITF’L 

2 C 

3 SUBROUTINE  I TF L < DK f DL . DM f XZERO f YZERO f ZZERO f X 1 f Y1 f 7 1 f 

4 IAfBfC) 

5 C 

6 C THIS  SUBROUIINE  COMPUTES  THE  POINT  OF  INTERSECTION 

7 C OF  A RAY  WITH  A PLANE. 

8 C 

9 C DKfDI-fDM  ARE  DIRECTION  NUMBERS  OF  THE  LINE. 

10  C 

H c XZERUfYZERO.ZZERO  ON  INPUT  ARE  THE  COORDINATES  OF  A POINT  ON 

12  C THE  RAY. 

13  C 

14  c XZEROf YZEROfZZERO  ON  OUTPUT  ARE  THE  COORDINATES  OF  THE 

15  C POINT  OF  INTERSECTION. 

16  C 

17  C XIfYIfZI  ARE  THE  COORDINATES  OF  A POINT  ON  THE  PLANE. 

18  C 

19  c AfBfC  ARE  DIRECTION  NUMBERS  OF  THE  PLANE  NORMAL. 

20  C 

21  C 

22  S"A# ( X 1-XZERO  > + B#  < Y1 - YZERO ) +C* ( Z 1 -ZZERO ) 

23  T=S/<A#DKFB#DL+C*DM> 

24  XZERO=XZERO+DK*T 

25  YZERO=YZERO+DL#T 

26  ZZERO=ZZERO+DM*T 

27  RE  TURN 

28  END 


, 
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1 


c 


1 c 

2 C 

3 

4 C 

5 c 

6 C 

7 C 

8 C 

9 C 

10  C 

11  C 

12  C 

13  C 

14  C 

15  C 

16  C 

17  C 
IB  C 
iv  c: 
.'()  i: 

?\  c: 

22  C 

23  C 

24  C 

25  c: 

26  C 

2 7 C 

28  c: 

29  c: 

30  C 

31  C 

32  c; 

33  c 

34  c 

35  c 

36  i. 

3 7 C 

38  i: 

39  C 

40  C 

4 1 C 

4 2 C 

43  c: 

44  c 

45  c: 

46  c 

4/  t: 

48  C 

49  r. 

50  C 

51  C 

52  C 

53  C 

54  C 

55  C 

56  C 

57  C 

58  C 

59  C 

60  C 

61  C 

62  c: 

63 

64 

65 

66 

67 

68  1 

69 

70 

71 

72 

73 

74 

75 


ITSF-  SUBROUTINE 


ITSP  SUBROUTINE 


FROM  CO?* 


SUBROUTINE  I TSP  ( DK  » DL  » DM  » X * Y » 7 » R * E r E RR  » S r P » 1 » SK  » SL  r SM ) 


THIS  SUBROUTINE  COMPUTES  THE  POINT  OF  INTERSECTION  OF  A 
RAY  WITH  A SPHERICAL  SUFACf  WHICH  HAS  ITS  VERTEX  AT  THE 
POINT  X -0  » Y-0  » 7-0 • 

THIS  PRO  OR  AM  ALSO  COMPUTES  DIRECTION  NUMBERS  OK  THE  SURFACE 
NORMAL  AT  THE  INTERSECTION  POINT. 

DK * BL  * UM  ARE  IMF  DIRECTION  COSINES  OF  THE  INCIDENT  RAY. 

X * Y » 7 ON  INKIT  ART  THE  COORDINATES  OF  THE  POINT  FROM 
WHICH  I HE  INCIDENT  RAY  E MANA 1 1 S . 

X » Y * 7 ON  l HIIP or  ARI  THE  COORDINATES  OE  THE  POINT  OF 
INTERSEC  I ION  WITH  I HE  SPHERICAL  SURFACE. 

R IS  THE  RADIOS  OF  THE  SPHERE. 


R IS  POSITIVE 

RAY  . 

IF 

THF 

SURFACE 

IS  CONVEX 

TO  THE 

INCIDENT 

K IS  NIUATIVE 

IE 

THF 

SURFACE 

IS  CONCAVE 

TO  THE 

INCIDENT  RAY 

E IS  I HE  CONVERGENCE  EAR  AMI  TER.  THE  NEW  T ON-RAPHSON 
ITERATION  CONTINUES  UNTIL  I TIMER  THL  ABSOI  LITE  VALUE  OF 
I HE  BIFF  T-  RE.  NCI  BFTWEIN  iUC(  F SO  l VE  ITERATIONS  IS  LESS  THAN 
I-  OR  50  f HR  A I IONS  HAVE  RF  L N E IREORMbD. 

ERR  IS  1 HI  ABSOLUTE  VAI  01  HI  llll  DIFELRFNCE  BETWEEN  THE 
LAST  IWC)  ITERATIONS. 

S 15  T HI  DTS1ANCE  ALONG  HIE  RAY  EROM  THE  7 0 PLANE  TO  THE 
POINT  OF  INTERSECTION  01  IMF  RAY  WITH  THE  SPHERE. 

s is  negative:  II  THE  point  01  intersection  is  on  the 

NE  GAIL  Vt  / SIDl  OF  THL  X-Y  El  ANE  . 

s rs  PosrrivL  if  tele  itinvlrsf  is  true. 

P IS  THE  TOTAL  PATH  ALONG  THF  RAY  FROM  THE  EMANATING 
T O IN  I 10  THE  POI  NT  OE  INTERSECTION. 

P IS  POSITIVE  FOR  A TRUE  PAY.  A NEGATIVE  VALUE  OF  P INDICATES. 
A VIRTUAL  PATH*  AN  EXTENSION  OE  THE  RAY  IN  THE  DIRECTION 
OPPOSITE  TO  THE  DIRECT  ION  OE  I ROEAGA  T fONr  CONVERGENCE  TO 
THE  WRONG  INTERSECTION  PUINI  HAS  OCCURRED. 

A NEWTON  -KAPHSON  ITERATION  OF  I HE  TYPE  X-G(X)  IS  USED. 
CONVERGENCE  IS  GOOD  IF  (i(X)  DOES  NOT  GO  TO  INFINITY  CLOSE 
10  X 0,  THE  STARTING  EOT  NT  OE  THE  ITERATION. 


I IS  THE  NUMBER  OF  ITERATIONS  PERFORMED.  IF  1=50 
CONVERGENCE  HAS  NOT  OCCURRED. 


SKrSLrSM  ARE  THE'  DIRECTION  NUMBERS  OF  THE  SURFACE  NORMAL 
AT  THE  INTERSECTION  POINT, 

THIS  IS  A RAY  TRACING  PROGRAM  ADAPTED  FROM  THE  METHODS 
OF  SPENCER  AND  MURTY  JOSA  V0L.52.»P.  672 » 1961. 


1 = 1 

SZERO=-Z/DM 
X 1 =X+DK*SZERO 
Y1=Y+DL*SZER0 
S=0. 

X=X1 +DK#S 
Y=Y1+DL*S 
Z=DM*S 

TF.MP=S-<X*X+Y*Y  + Z*Z-2.*R*Z>/<2.*<X*DK+Y*DL+Z*DM-R*DM)  ) 
ERR=ABS(S-TEMF) 

1 = 1 + 1 
S=TEMP 

IF(ERR-E)2»2»3 
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76  3 

CONTINUE 

77 

I F < I -50) 1 ,2 

78  2 

X=X 1 +DK4S 

79 

Y=Y1 f OL*S 

80 

Z-DM*S 

81 

SK  = X 

82 

SL  = Y 

83 

SM=Z-R 

84 

P SZERO+S 

85 

RETURN 

86 

END 

1H1S  PAGE  IS  BEST  QUALITY  PRACTICABU 
*»QlM  CQIX  gUBULStiSL  TO  WQ  — - 


C SUBROUTINE  ITPR 


1 C SUBROUTINE  ITPR 

2 C 

3 C 

4 SUBROUTINE  ITPR(DK» DL 'DMfXf Y vZr PrEvERRr StQ» I pSKvSL r SM> 

5 C 

6 C 

7 C THIS  SUBROUTINE  CALCULATES  THE  POINT  OF  INTERSECTION 

8 C OF  A RAY  WITH  A PARABOLOID  OF  REVOLUTION.  THE  EQUATION 

9 C IS  X**2+Y**2=2*P*Z. 

10  C 

11  C THE  VERTEX  OF  THE  PARABOLOID  IS  AT  X=0»Y=0»Z=0 

12  C 

13  C A NEUTON-RAPHSON  HERAT  ION  OF  THE  TYPE  S~G(S)f 

14  C G<S>=F <S)/F' (S) ? IS  USED. 

15  C 

16  C THE  PROGRAM  ALSO  COMPUTES  THE  DIRECTION  NUMBERS  OF  THE 

17  C SURFACF  NORMAL  AT  THE  POINT  OF  INTERSECTION. 

IB  C 

19  C DKpDLfDM  ARE  THE  DIRECTION  COSINES  OF  THE  INCIDENT  RAY. 

20  C 

21  C XrYfZ  ON  INPUT  ARE  THE  COORDINATES  OF  THE  POINT  FROM 

22  C WHICH  THE  RAY  EMANATES. 

23  C 

24  C X»YiZ  ON  OUTPUT  ARE  THE  COORDINATES  OF  THE  POINT  OF 

25  C INTERSECTION  OF  THE  RAY  WITH  THE  PARABOLOID  SURFACE. 

26  C 

27  C P/2  IS  THE  DISTANCE  FROM  THE  VERTEX  TO  THE  FOCUS. 

28  C 

29  C P IS  POSITIVE  IF  THE  PARABOLOID  OPENS  ALONG  THE  POSITIVE 

30  C Z AXIS.  P IS  NEGATIVF  IF  THE  PARABOLOID  OPENS  ALONG  THE 

31  C NEGATIVE  Z AXIS. 

32  C 

33  C E TS  THE  CONVERGENCE  PARAMETER.  THE  NEUTON-RAPHSON  ITERATION 

34  C CONTINUES  UNTIL  EITHER  THE  ABSOLUTE  VALUE  OF  THE  DIFFERENCE 

35  C BETUEEN  SUCCESSIVE  ITERATIONS  IS  LESS  THAN  E OR  50  ITERATIONS 

36  C HAVE  BEEN  PERFORMED. 

37  C 

38  C ERR  IS  THE  ABSOLUTE  VALUE  OF  THE  DIFFERENCE  BETWEEN 

39  C THE  LAST  TWO  ITERATIONS  PERFORMED. 

40  C 

41  C S IS  THE  DISTANCE  FROM  THE  Z=0  PLANE  TO  THE  POINT  OF 

42  C INTERSECTION  ON  THE  PARABOLOID. 

43  C S IS  POSITIVE  IF  THE  INTERSECTION  POINT  HAS  A POSITIVE  Z 

44  C COORDINATE  AND  NEGATIVE  IF  THE  CONVERSE  IS  TRUE. 

45  C 

46  C Q IS  THE  TOTAL  PATH  ALONG  THE  RAY  FROM  THE  EMANATING  POINT 

47  C TO  THE  POINT  OF  INTERSECTION. 

48  C G IS  POSITIVE  FOR  A TRUE  RAY.  A NEGATIVE  VALUE  OF  G 

49  C INDICATES  A VIRTUAL  PATH  r AN  E XTENT ION  OF  THE  RAY  IN  THE 

50  C DIRECTION  OPPOSITE  TO  THE  DIRECTION  OF  PROPAGATION. 

51  C THAT  IS*  CONVERGENCE  TO  THE  WRONG  POINT  HAS  OCCURRED. 

52  C 

53  C I IS  THE  NUMBER  OF  ITERATIONS  PERFORMED.  IF  1=50  CONVERGENCE 

54  C TO  THE  DESIRED  ACCURACY  DID  NOT  OCCUR. 

55  C 

56  C SKfSLfSM  ARE  DIRECTION  NUMBERS  OF  THE  SURFACE  NORMAL  AT  THE 

57  C POINT  OF  INTERSECTION. 

58  C 

59  C THIS  IS  A RAY  TRACING  PROGRAM  ADAPTED  FROM  THE  METHODS  OF 

60  C SPENCER  AND  MURTY  JOSA  VOL.  52.  P.  672 » 1961. 

61  C 

62  C 

63  1*1 
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64 

65 

66 

67 

68  1 
6? 

70 

71 

72 

73 

74 

75 

76  3 

77 

78  2 

79 

80 
81 
82 

83 

84 

85 

86 


SZER0=-Z/DM 
XI  =X+DK*SZER0 
Y1=Y+DL*SZER0 
S=0. 

X=X1+DK*S 
Y = Y 1 +DL*S 
Z=DM*S 


THIS  PAGE  IS  BEST  QUALITY  PRACTICABLE 
FROM  COPY  FURNISHED  TO  DCC  — — " 


TEMPOS- <X*X+Y*Y-2.*F*Z>/ <2. *X*DK+2.*Y*DL-2.*P*DM> 
ERR=ABS(S-TEMP ) 

1 = 1+1 
S=TEMP 


IP ( ERR-E ) 2 ? 2 » 3 

CONTINUE 

IF ( 1-50 ) 1 » 2 f 2 

X = X 1 + DK  * S 

Y=Y1+DL*S 

Z=DM*S 


SK  = X 

SL  = Y 

SM=-P 

Q=SZERO+S 

RETURN 

END 


C RPL  SUBROUTINE 


1 C RFL  SUBROUTINE 

2 C 

3 SUBROUTINE  RFL ( DK ? DL t DM » SK » SL » SH ) 

4 C 

5 C 

6 C THIS  SUBROUTINE  COMPUTES  THf  DIRECTION  OF  A REFLECTED 

7 C RAY. 

8 C 

9 C DK  t DL  * DM  ON  INPUT  ARE  THE  COMPONENTS  OF  A UNIT  VECTOR 

10  C IN  1HE  DIRECTION  GIF  THE  INCIDENT  RAY. 

11  C 

12  C DK  f DL ? DM  ON  OUTPUT  ARE  I HE  COMPONENTS  OF  A UNIT  VECTOR 

13  C IN  THE  DIRECTION  OE  THE  REFLECTED  KAY. 

1 4 ( : 

15  C SKfSLfSM  ARE  DIRECT  ION  NUMBERS  OF  A LINE  NORMAL  TO  THE 

16  C SURFACE  AT  THE  POINT  OF  REFLECTION. 

1/  C 

18  C I HIS  IS  A RAY  TRACING  PROGRAM  ADAPTED  FROM  THE  METHODS 

19  C.  OF  SPENCER  AND  MUR  I Y JOSA  V0l.52r  P.  672,  1961. 

20  C 

21  C 

22  A = ( DK#SK  + DL *SL+DM*SM  > / ( SK#SK  ESI.  *SL  +SM*SM  ) 

23  DK  =DK-2 . #A*SK 

24  OL-DL-2 . *A#SI 

25  DM-DM-2 « *A*SM 

26  RETURN 

27  END 

C SUBROUTINE  RFR 


1 C SUBROUTINE  RFR 

2 C 

3 C 

4 SUBROUTINE  RFR < DK » DL » DM , SK » SL » SM , XN1 » XN2 » E » ERR » I ) 

5 C 

6 C 

7 C THIS  SUBROUTINE  COMPUTES  THE  DIRECTION  OF  A RAY  REFRACTED 

8 C AT  AN  INTERFACE  BETUEEN  TWO  MEDIUMS  OF  DIFFERING  INDICES 

9 C OF  REFRACTION. 

10  C 

11  C DK » DL  » DM  ON  INPUT  ARE  THE  COMPONENTS  OF  A UNIT  VECTOR 

12  C IN  THE  DIRECTION  OF  THE  INCIDENT  RAY. 

13  C 

1 a C DK » DL  * DM  ON  OUTPUT  ARE  TH!  COMPONENTS  OF  A UNIT  VECTOR 

15  C IN  THE  DIRECTION  OF  THE  REFRACTED  RAY. 

16  C 

17  c SK*SLfSM  ARE  DIRECTION  NUMBERS  OF  A LINE  NORMAL  TO  THE 

18  C SURFACE  OF  REFRACTION  AT  THE  POINT  UHERE  THE  INCIDENT  RAY 

19  C STRIKES  THE  REFRACTING  SURFACE. 

20  C 
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this  page 
I®K#iCfiPX 


IS  BEST  QUALITY  FRACTl'SAB^ 
jrgP^T  qKEP  XO  &V&  — — ^ . 


XN1 

IS 

THE 

INDEX 

OF 

REFRACTION 

FOR 

•'HE 

INCIDENT  MEDIUM. 

XN2 

IS 

THE 

INDEX 

OF 

REF  RAC T ION 

FOR 

THF 

REFRACTING  MEDIUM 

24  C 

5 C E IS  THE  CONVERGENCE  PARAMETER.  THE  NEWT ON-RAF HSON 

- 6 C ITERATION  CONTINUES  UNTIL  EITHER  THE  ABSOLUTE  VALUE  OF 

27  C THF  DIFFERENCE  BETWEEN  SUCCESSIVE  ITERATIONS  IS  LESS 

28  C THAN  E OR  50  ITERATIONS  HAVE  BEEN  PERFORMED. 

29  C 

30  C ERR  IS  THE  ABSOLUTE  VALUE  OF  THE  DIFFERENCE  BETWEEN 

31  C THE  LAST  TWO  ITERATIONS  PERFORMED. 

32  C 

33  C I IS  THE  NUMBER  OF  ITERATIONS  PERFORMED.  IF  1=50 

34  C CONVERGENCE  TO  THE  DESIRED  ACCURACY  HAS  NOT  OCCURRED. 

35  C 

36  C THIS  IS  A RAY  TRACING  PROGRAM  ADAPTED  FROM  THE  METHODS 

37  C OF  SPENCER  AND  MURTY  JOSA  VOL . 52*  P 672.  1961. 

38  C 

39  C 

40  1 = 1 

41  XMU=XN1/XN2 

42  TIDE=SK*SK+SL*SL+SM*SM 

43  A=XMU*(DK*SK+DL*SL+DM*SM>/TIDE 

44  B=  C XMUfcXMU- 1 * ) /T IDE 

45  GAMMA=<-B)/(2.*A> 

46  1 T = < GAMMAtGAMMA  -B)/<2.#<  GAMMA -FA  ) ) 

47  ERR=ABS<  T -GAMMA ) 

48  1=1+1 

49  GAMMA=T 

50  IF  < ERR-E ) 2 . 2 » 3 

51  3 CONTINUE 

52  IF< 1-50) 1 .2.2 

53  2 DK=XMU*DKfGAMMA*SK 

54  DL=XMU*DL+GAMMA*SL 

55  DM=XMU*DM+ GAMMA ASM 

56  RETURN 

57  END 


C SUBROUTINE  DFR 


1 C SUBROUTINE  DFR 

2 C 

3 SUBROUTINE  DFR < DK . DL . DM . SK » SL . SM . XLMB . D . XN1 » BK . E . ERR . I > 

4 C 

5 C 

6 C THIS  SUBROUTINE  COMPUTES  THE  DIRECTION  OF  A RAY  DIFFRACTED 

7 C BY  A REFLECTION  PLANE  GRATING. 

8 C 

9 C DK , DL .DM  ON  INPUT  ARE  COMPONENTS  OF  A UNIT  VECTOR  IN  THE 

10  C DIRECTION  OF  THE  INCIDENT  RAY. 

11  C 

12  C DK » DL. . DM  ON  OUTPUT  ARE  THE  COMPONENTS  OF  A UNIT  VECTOR 

13  C IN  THF  DIRECTION  OF  THE  DIFFRACTED  RAY. 

14  C 

15  C SK » SL . SM  ARE  DIRECTION  NUMBERS  OF  A LINE  NORMAL  TO  THE 

16  C GRATING  SURFACE.  EITHFR  THE  INWARD  OR  OUTWARD  NORMAL  MAY 

17  C BE  USED. 

18  C 

19  C XLMB  IS  THE  WAVELENGTH  OF  THE  INCIDENT  AND  DIFFRACTED 

20  C RADIATION  IN  AIR. 

21  C 

22  C D IS  THE  GRATING  SPACING. 

23  C 

24  C THIS  PROGRAM  ASSUMES  THAT  THE  INCIDENT  AND  DIFFRACTED 

25  C RAYS  ARE  IN  THE  SAME  MEDIUM. 

26  C 

27  C XN1  IS  THE  INDEX  OF  REFRACTION  OF  THE  MEDIUM  IN  WHICH  THE 

28  C INCIDENT  AND  DIFFRACTED  RAYS  PROPAGATE. 

29  C 

30  C BK  IS  THE  ORDER  OF  INTERFERENCE. 

31  C 

32  C E IS  THE  CONVERGENCE  PARAMETER.  THE  NEWTON-RAPHSON  ITERATION 

33  C CONTINUES  UNTIL  EITHER  THE  ABSOLUTE  VALUE  OF  THE  DIFFERENCE 

34  C BETWEEN  SUCCESSIVE  ITERATIONS  IS  LESS  THAN  E OR  50  ITERATIONS 

35  C HAVE  BEEN  PERFORMED. 

36  C 

37  C ERR  IS  THE  ABSOLUTE  VALUE  OF  THE  DIFFERENCE  BETWEEN  THE 
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38  C L AST  TUO  ITERATIONS  PERFORMED. 

39  C 

*°  c I is  THE  NUMBER  OF  ITERATIONS  WHICH  WERE  PERFORMED.  IF 

1,1  c 1=50  CONVERGE  NCE  TO  THE  REQUIRED  ACCURACY  DID  NOT  OCCUR. 

42  C 

43  C GAMMA  IS  THE  ROOT  OF  THE  QUADRATIC  EQUATION  GENERATED  BY 

44  C THE  PROGRAM. 

45  C 

46  C THIS  PROGRAM  ASSUMES  THE  GRATING  RULINGS  ARE  PRODUCED  BY 

47  C A FAMILY  OF  PARALLEL  PLANES  WHICH  ARE  ALL  PARALLEL  TO  THE 

48  C Y-Z  PLANE.  THE  SEF'ER  AT  I ON  BETWEEN  ADJACENT  PLANES  IS  D. 

49  C 

50  C U.V.W  (WHICH  ARE  GENERATED  IN  THE  PROGRAM)  ARE  THE  DIRECTION 

51  C COSINES  OF  A LINE  OF  UNIT  LENGTH  Al ONG  THE  GRATING  SURFACE 

52  C NORMAL  TO  THE  RULINGS. 

53  C 

54  C THIS  IS  A RAY  TRACING  PROGRAM  ADAPTED  FROM  THE  METHODS  OF 

55  t:  SPENCER  AND  MURTY  JOSA  VOL. 52 r P.6 72*  1961. 

56  C 

57  C 

58  TEA=SL*SL+SM*SM 

59  U-l . /SORT ( 1 . +SK*SK/ I E A ) 

60  V=-SK*SL#U/TEA 

61  UI=-SK*SM*U/Tt  A 

62  1 = 1 

63  DELTA=(BK*XLMB)/(XN1*D) 

64  T=SK*SK+SL*SL +SM*SM 

65  A=<DK*SNKiL*SL  + DM*Sh)/T 

66  B = <DEl.TA*DELTA-2.*DELTA*<  DK*U+DL*V+DM*U > >/T 

67  GAMMA=B/<2.*A)-2.*A 

68  l TEMP= ( GAMMA*GAMMA-B ) / ( 2 . * ( GAMMA-f  A ) ) 

69  ERR--ABS  ( 1 EMP-GAMMA  > 

70  1=1+1 

71  GAMMA=TEMP 

72  IF  <ERR-E)2*2>3 

73  3 CONTINUE 

74  IF (1  50)1*2*2 

75  2 DK=DK-DELTA*U+GAMMA*SK 

76  DL  = DL  - BELT A* V-f  GAMMA* SI- 

77  DM=DM-DELTA*U+GAMMA*SM 

78  RETURN 

79  END 
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Programs  representative  of  those 
used  in  the  ray-tracine 
analysis  ofthe  Czerny- 
Turner  optical  system 


C PROGRAM  SEGMENT  CT1 
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C PROGRAM  SEGMENT  CT1 

C 

C THIS  IS  THE  FIRST  SEGMENT  OF  A CHAINED  PROGRAM  TO  TRACE 

C 41  RAYS  THROUGH  A CZERNY  UIRNER  SPECTROMETER. 

C 

C THIS  SEGMENT*  CALLED  CT1*  COMPUIES  THE  DIRECTION  COSINES  OV 

C THE  CHIEF  RAY.  ( 

C 

C INPUT 

C THE  CZERNY -TURNER  SPEC TROMEI EK  PARAMETERS  ARE  READ  FROM  F Ml 

C RKBO i CZPR . DA  1 II  h . 

C THE  X AND  Y COORD INA It  S OF  A POINT  IN  THE  INPUT  SL i I FROM 

C WHICH  THF  CHIEF  RAY  FMANAIfcS  IS  REQUESTED  BY  T Hi  TELETYPE. 

C i 

C OUTPUT  1 

C THE  DIRECTION  COS INFS  OF  THF  CHIEF  RAY  ARE  LOADED  INFO  IMF 

C FIRST  3 LOCATION  OF  RKBO J CRAY . DA. 

C I HF  X * Y * / COORDINATES  OF  IMF  OBJECT  POINT  (IN  THF  INPUT  SLIT) 

C ARE  LOADED  INTO  LOCATION-'-  4 AND  5 OF  THE  SAME  FILE  . 

C 

C SUBPROGRAMS  CALLED 
C CRAY 

C RMAT 

C f RNS 1 

C TRNS2 

0 I RNS 3 

C TRNS4 

V 1 TSP 

C I TPI 

C RFL 

C 
t: 

DIMENSION  AT  I 25 ) 

ZS  :<)  • 

UR  I IF.  ( I * VV  » 

RF  AIK  I * KX’OXS.YS 

(.All  1 OPEN  < 'RKBO  r CZPR  ) 

READ ( 4 * 1 0 1 ) ( AP ( I ) * l 1*25) 

R 1 - AP  < 1 > 

XM 1 -AP (2> 

YMl-APO) 

ZM1=AF<4) 

EA  AP<5) 

XG*AF( 11 ) 

YG  AP( 12) 

ZG  - AP ( 13) 

6K=AP<14> 

GL  ~AP ( 15) 

UM=  AP (16) 

CALL  CRAY(XS* YS*XM1 *YM1 *ZMI *Rl * E A * XG * YG * ZG * GK * GL * GM * DK * DL * DM ) 

CALL  OOPEN< 'RKBO' * 'CRAY' ) 

WRITE! 4* 101 >DK*DL  *DM*XS*YS*/S 

CALL  OCLOSE 

CALL  CHAIN!  CT2' ) 

99  FORMAT ( 'COORDINATES  OF  OBJECT  POINT  IN  INPUT  SLIT'///) 

100  FORMAT ( 'X*' *E20.9/' Y=' *E20.9) 

101  FORMAT ( 25A6 ) 

END 
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mCXLCA3li* 


PROGRAM  SE.GMP  NT  CT2 

rmr,  ib  ini  second  segment  of  a chained  f rogram  to  trace 

41  RAYb  THROLU iH  A C/l  KNY  H.'KNIK  SHI. I TRIMETER, 

THIS  SEGMENT  CALLED  Cf  ’ COMLUIIS  fill  M I i • I ION  COSINES 
HE  THE  41  KAYS  PROM  I HI  OBJECT  POINT  <XS.YS./S-  IN  I HE 
INPUT  SLIT. 

THEM  41  RAYS  I Cl  IVM  CONES  AUULIf  I HI  Mill  I R.  f » Till  f II J 1 f K 


10 

C 

CONE 

peine; 

Till  F /NUMl<F  K t UNI  . 

1 1 

c 

1 3 

( 

INPUT 

14 

c 

THE 

1 /P  RNY 

TURNER  .FI 

Knelt  If  k iv.Kt.m  u ki 

• ARE  READ  F ROM 

THE. 

IS 

c 

KT  DO 

iCZI  R . 

DA  Fill. 

16 

c 

17 

c 

OUTPUT 

J8 

c 

THE 

Ii  1 RPC  l 

I no  mi; ini  > 

AM  t.OAi'l  It  le'ltl  III 

...  ■ Al  * Al  <AYS. 

1 9 

1 

AK  (. 

ON  1 A IN' 

Mil  li  1 RE  ( 

M 'IN  I'll'.  INI  . Will!  Kl 

SF  ICT  ro  I HI  X 

AXIS 

c 

Al  CON  TAIN' 

. lFII  Ii  1 RE  l 

1 1 CM  l MM  Nil.  U 1 III  M 

■•M  i i hi  mi  y 

AXTH 

21 
*»  "i 

c: 

f 

Ah  C 

W A 1 N' 

■ Till  Ii  I h'l  1 

f 1 ON  1 II  I 1 Nl  ‘I  IJ  1 III  Kl 

•i  i i i in  mi  / 

AXIS 

2 ! 

o 

GUM  KOGKAMS  CALI 

T Ii 

:*4 

i 

NCOS 

25 

c 

ARE  A 

26 

c 

RMA1 

i (IrthUN  XF  - Yl  /l  » «M  »mI  - , ii'. 

• • ' • • M . ■ 7 - L A2  f > t 1 t ZG 

UMMON  (iKrlii  » OM  - D * XT  I 1 » Y I I I - Tl  I .11  IT. .11  Tl  .11  TM-WAOl  1 
COMMON  F«t  T A * GAMMA. E » < . . V \fJ 

rM  TENS  ION  <P*<  41  ) »Yf  11  > * < < i i ■ . A K » 41 ) . Al  < 41  ) »AM<  4 I *UIM< 
El  TA  0. 

GAMMA  o. 
t . 000 1 

(All  IOFTN'  KTHO  . C/FK  ■ 
hi  AIM  4.  I •>  :>><  UIM<  T ) . 1 I 
R 1 UM ( J ■ 
xrt i wm<?y 
YMl  WM(.I) 

7MI  UM»4) 

EAT  WMC.i) 

R?  WM<6> 

XM2  UM<  ? ) 

ym?  um(  a) 

/M?  tJM  ( 9 ) 

EA?  UM (10) 

XG=UM< 11) 

YG=UM( 12) 

ZG=UM( 13) 

GK=WM ( 14) 

GL  =WM< 15) 

GM=UM( 16) 

D-WM (17) 

XPLT=UM ( 18) 

YPLT=UM< 1?) 

ZF'LT  = UM  ( 20 ) 

PLTK  = UM<  21  ) 

PLTL=UM ( 22 ) 

PLTM=UM ( 23 ) 

UAUEL=WM ( 24 ) 

FNO=UM ( 25 ) 

CALL  I OPEN ( 'RKBO' ? ' CRAY  ' ) 

READ! 4 » 100)DKrDL»DMrXS* YS»ZS 

LOAD  DIRECTION  COSINES  OP  RAYS  INTO  THE  AK » AL » AM  ARRAYS. 
CALL  DCOS<DK»DL»DMfFNO) 

CALL  CHAIN! ' CT3 ' ) 

FORMAT ( 25A6 ) 

END 
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C PROGRAM  SEGMENT  CT3 


1 C 

2 C 

3 C 

4 C 

5 C 

6 C 

7 C 

8 C 

9 C 
10  C 
1 1 C 

12  C 

13  C 

14  C 

15  C 

16  C 

17  C 

18  C 

19  C 

20  C 

21  C 

22  C 

23  C 

24  C 
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26  C 
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PROGRAM  SEGMENT  Cl  S 

THIS  IS  INF  THIRD  SEGMENT  OF  A CHAINED  PROGRAM  fO  TRACE 
41  RAYS  THROUGH  A CZERNY  TURNER  SPECTROMETER. 

THIS  SEGMENT  CALLED  CT3  TRACES  THE  41  RAYS  FROM  T HE  OBJECT 
POINT  IN  THE  INPUT  SLIT  THROUGH  REFLECTION  FROM  THE 
COLLIMATOR  MIRROR. 


INPUT 

ALL  INPUT  TRANSFERED  IN  COMMON  BY  CHAINING  OPERATION. 

OUTPUT 

OUTPUT  IS  TRANSFERED  TO  CT  4 THROUGH  COMMON  BY  'HE 
CHAINING  OPERATION. 

THE  ARRAYS  XP.YP.ZP  CONTAIN  THE  X.Y./  COORDINATES 
RESPECTIVELY  OK  THE  41  RAY  INTERSECT  IONS  WITH  THE 
COLl  I MAT  OF:  MIRROR. 

THE  ARRAYS  AN » AL  » AM  CONTAIN  THE  DIRECTION  COSINES  UF 
T HE  41  RAYS  AFTER  REFLECTION  FROM  THE  COLLIMATOR  MIRROR. 

AK  CONTAINS  THE  DIRECTION  COSINFS  WITH  RESPECT  TO  THE  X AXIS. 

Al.  CONTAINS  THE  DIRECTION  COSINFS  WITH  RESPECT  TO  THt  v AXIS. 

AM  CONTAINS  THE  DIRECTION  COSINES  WITH  RE  SPEC  I 10  THE  / AXIS. 

THE  CZERNY  TURNER  SPECTROMETER  PARAMK  fERS  ARE  ALSO  TRANSFERED 
TO  C T 4 THOUGH  COMMON  BY  THE  CHAINING  OPERATION. 

SUBPROGRAMS  CALLED 
RMAT 
TRNSl 
TRNS2 
TRNS3 
TRNS4 
RFL 
I TSP 


COMMON  XF.YF  . ZP  * AK  » Al  .AM 

COMMON  RlfXMl.YMl »/Ml?EAl » K2 * XM2  » YM2  r ZM2  r EA2  . XG  r YG » ZG 
COMMON  GK  . GL  r GM » D » XPI  T » YPI.  T t ZPI  TrPLTK.PI  TL  t PLTM » UAUEL 
COMMON  BETA  r GAMMA  rF.rXSrYSr/S 

DIMENSION  XP<  41)»YP(41)» ZP<  4 t ) r AK( 41 ) » Al  ( 41  ) r AM<  41 ) 
DIMENSION  RM< 3.3) »RMI ( 3*3) 

CALL  RMAT (EA1 .BE  T A . GAMMA . RM . RMI ) 

TRANSFORM  OBJECT  FOTNT  TO  COORDINATE  SYSTEM  OF  COLLIMATOR. 
CALL  TRNSl (RM.XS.YS.ZS.XM1 .YMl.ZMl) 

DO  10  1=1 t 41 
DK - AK ( I ) 

DL=AL ( I 
DM  =AM ( I ) 

X = XS 
Y = YS 
Z = ZS 

CALL  TRNS2(RM»DK  . Dl.  .DM) 

CALL  I TSP ( DK . DL . DM . X . Y . Z . R 1 » E . ERR . S . P . I Q , SK . SL . SM ) 

CALL  RFL ( DK . DL  » DM . SK . SL . SM ) 

CALL  TRNS3 < RM I. X.Y.Z.XM1. YMl.ZMl ) 

CALL  TRNS4 (RMI » DK  t DL  » DM ) 

AK ( I ) =DK 
AL  < I >=DL 
AM ( I )=DM 
XP( I )=X 
YP< I >=Y 
ZP(I)=Z 

CALL  CHA I N ( CT4' ) 

END 
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1 C PROGRAM  SEGMENT  Cl  4 

2 C 

3 C THIS  IS  THE  FOURTH  SEGMENT  OF  A CHAINED  PROGRAM  TO  TRACE 

4 C 41  RAYS  THROUGH  A CZERNY-T URNER  SPECTROMETER. 

5 C 

6 C THIS  SEGMENT.  CALLED  CT4.  TRACES  THE  41  RAYS  FROM  THE 

7 C COLLIMATOR  MIRROR  THROUGH  DIFFRACTION  FROM  THE  GRATING. 

8 C 

9 C INPUT 

10  C ALl  INPUT  TRANSFEREE!  IN  COMMON  BY  CHAINING  OPERATION. 

11  C 

12  C OUTPUT 

13  C OUTPUT  IS  TRANSFEREE*  TO  CIS  THROUGH  COMMON  BY  THF. 

14  C CHAINING  OPERATION. 

15  C T HI  ARRAYS  AK.AI  . AM  CONTAIN  1 HE  DIRECTION  COSINES  OF 

\F  TE  F DIFFRACTION  I ROM  THE  ORA TING • 

1 TH  DIRECT  IN  COSINES  WITH  Rf  SPE C I TO  THF  X AXII  . 

18  ( Al  ONTAINS  THI  DIRE  i T ION  COSINES  WITH  RESPECT  TO  I HI  Y AXIS. 

IV  i A:  t ONTAINS  THF  DIRECTION  COSINES  WITH  RESPECT  TO  THE  Z AXIS. 

T I IF  ARRAYS  *PrYP»7F  CONTAIN  THE  XrY-Z  COORDINATES  RESPECTIVELY 

21  C OF  I HE  4 1 KAY  INTERSI  OTIONS  UllH  THF  GRATING. 

22  C THE  C/E  KNY  TURNER  SPECTROMETER  PARAMETERS  ARE  ALSU  TRANSFEREE! 

2.5  C TO  IT  j THROUGH  COMMON  E»Y  T I IF  CHAINING  OPERATION. 

24  C 

25  C SUBPROGRAMS  CALLED 

26  C ITPL 

27  C DF  R 

28  C 

29  C 

.50  COMMON  XPrYPrZPf  AK  *Al  *AM 

it  COMMON  PI  ,Xht  fYMI  ,/MI  f\  Al  . R2  » XMIS  YM2 1 ZM2  » F.A2 » XG » YG  t ZG 

.52  COMMON  iJK'GL . »GM*  D*  XPL  T » YPL  T » ?PL  T »Pl  TK»PLTI  »PLTMf  WAVEL. 

33  COMMON  E*F  T A ? GAMMA  f L » X » Y » 7 

34  IJ I MENS  I ON  XP  ( 4 1 ) * YF  ( 4 I ) » ZP  < 4 1 ) » AM  4 I ) » AL  ( 4 1 ) * AM  (41) 

35  BK  1 . 

36  XN.t  -1  • 

37  DO  10  1 1» 41 

38  X XP(  I) 

39  Y YF'  < I ) 

40  Z-ZP(I) 

4 1 DM  AM  I) 

42  DL  ~AL  ( 1 ) 

43  DM=AP. < I ) 

44  CALL  ITPL ( DR  f DL  » DM  f X f Y r Z f XG  r YG ? 7G  ? GK  r GL  f GM ) 

45  CALL.  DFR<DKf  Dl.f  DMfGKfGLfGMfWAVEI  f D f XN1  » BK  f E f E RR  f 10 ) 

46  XP(I)-X 

47  YP(I)  Y 

48  ZP(I)  Z 

49  AK  < I ) " DK 

50  AL  < I ) -DL 

1 10  AM  < I > =DM 

2 CALL  CHAIN< ' CT5 ' ) 

3 END 
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C PROGRAM  SEGMENT  CT5 

C 

C THIS  IS  THE  FIFTH  SEGMENT  OF  A CHAINED  PROGRAM  TO  TRACE 

C 41  RAYS  THROUGH  A CZERNY- TURNER  SPECTROMETER. 

C 

C THIS  SEGMENT*  CALLED  CT5 » TRACES  THE  41  RAYS  FROM  THE 

C GRATING  THROUGH  REFLECTION  WITH  THE  CAMFRA  MIRROR 

C TO  THE  IMAGE  PLANE. 

C 

C INPUT 

C ALL  INPUT  TRANSFER!- D IN  COMMON  BY  CHAINING  OPERATION. 

C 

C OUTPUT 

Ci  OUTPUT  IS  TRANSFERED  TO  CT6  THROUGH  COMMON  RY  THE  CHAINING 

C OPERATION. 

C THE  ARRAYS  XP*YP*ZP  CONTAIN  THE  X,Y*Z  COORDINATES  RECPECTIVELY 

C OF  THE  41  RAY  INTERSECTIONS  WITH  THE  IMAGE  PLANE. 

THE  ARRAYS  AR»Al  » AM  CONTAIN  THE  DIRECTION  COSINES  OF  THE 
C 41  RAYS  AFTER  REFLECTION  FROM  T HF  CAMERA  MIRROR. 

C AK  CONTAINS  THE  DIRECTION  COSINES  UITH  RESPECT  TO  THE  X AXIS. 

C AL  CONTAINS  THE  DIRECTION  COSINES  UITH  RESPECT  TO  THE  Y AXIS. 

C AM  CONTAINS  THE  DIRECTION  COSINES  UITH  RESPECT  TO  THE  Z AXIS. 

C THE  CZERNY- TURNER  SPECTROMETER  PARAMETERS  ARE  ALSO  TRANSFERED 

C TO  CT6  THROUGH  COMMON  BY  THE  CHAINING  OPERATION. 


C 

C 

c 

c 

c 

c 

c 

c 

c 

c 

c 


SUBPROGRAMS  CALI  ED 
RMAT 
TRNSl 
TRNS2 
TRNS3 
TRNS4 
[TSP 
RFL 
I TPL 


COMMON  XF  * YP./T  *AK *Al  » AM 

COMMON  R1 »XM1 * YM1 »ZM1 *FA1 » R2 * XM2 * YM2 * ZM2 * EA2 * XG » YG r ZG 
COMMON  GK  * GL  * GM  * D * XF'L  T * YPL  T » /PL  T * PL  TN  . PL  Tl. » PL  ! m , WAVEL 
COMMON  BET A, GAMMA *E 

DIMENSION  XF  < 4 1 > * YP  < 4 1 > * ZP ( 4 1 ) , AK ( 4 1 ) » Al  < 4 1 ) » AM  < 4 1 > 
DIMENSION  RM(3*3)fRMl(3* 3) 

CALL  RMAT ( E A2  * BE  FA* GAMMA  *RM*RMI > 

DO  10  1=1*41 
X=XF( I ) 


Y*YP< I ) 

Z*ZP< I ) 

DK - AK C I > 

DL  = AL ( I ) 

DM “AM ( I ) 

CALL  TRNSl < RM * X r Y * Z * XM2 * YM? * ZM2 ) 

CALL  TRNS2 ( RM  ? DK  » Dl  .DM? 

CALL  I TSP  ( DK  * Dl.  * DM  » X * Y * / * R2  * E * E RR  • S * F‘  * IQ*SK*SL»SM) 
CALL  RFL  < DK  * Dl  *DM*SK»SI  *SM) 

CALL  TRNS3 (RMI * X * Y * 7 » XM2  * YM2  * ZM2 ) 

CALL  TRNS4 ( RM I » DK  * DL  * DM ) 

AK  < I ) = DK 
AL  < I ) =I»L 
AM ( I ) =DM 

CALL  ITPL  < DK  * DL  * DM*  X * Y * Z»  XFL  T r YF’LT  .ZPLTt PLTK  *Pl  Tl  .► 
XP< I >=X 
YP( I )=Y 
10  ZP  < I )~Z 

RE AD< 1 * 100) Ml 
IF (hi -1632) 16* 12* 16 
12  CALL  CHA I N < CTS' ) 

16  CALL  C» AIN< 'CT6 ' ) 

100  FORMAT ( 'CHAIN  TO  CURVED  Sill  ROUTINI  <Y  OR  N 

END 


\ 
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1 

C 

n 

C 

3 

C 

4 

C 

5 

6 

7 

8 

9 

10 

1 1 

12 

13 

5 

14 

15 

10 

16 

12 

1 7 

1R 

13 

19 

1 4 

20 

21 

15 

on 

23 

16 

24 

100 

25 

101 

26 

102 

27 

103 

28 

104 

29 

105 

30 

PROGRAM  SEGMENT  CTA 

THIS  SEGMENT  PRINTS  OUT  I HE  COORDINATES  Of  THE  KAYS 
COMMON  XPt YP»ZP»AKfAL » AM 

COMMON  R1  »XM1  » YMl » /Ml » I A l » R2 1 XM2 » YM2 r 7M2 » EA2 » XG » YG  t /G 
COMMON  GKfGLvGMrDf  XPL  T r YPL  T r ZPL  T »Pl  T K » PI  Tl  rPLTM»UAVEl 
COMMON  BETA » GAMMA  » E 

DIMENSION  XP(41 >»YP(41 > »/P<  41  > r AM41  > »Al (41 )r AM (41) 
URITEd  » 100) 

READ  ( 1 r 102) MM 

I F ( 1632  -MM  ) 1 2*5 » 12 

CONTINUE 

DO  10  I - 1 *41 

URITEd  . 101  )XP(  1 ) * TP(  I ) */P(  J > 

READd  » 1 03)  M2 

IF ( 1632 -M2) 14*13*14 

CALL  CHA IN ( ' PLTMM ' ) 

READ ( 1» 104) M3 
IF (1632 -M3) 16* IS * 16 
READ  ( 1 * 10f»)SEG 
CALL  CHAIN (SEG) 

STOP 

FORMA! <10X*  X' *20X*  'Y' *20X* '/'//) 

F ORMA  T (2(E16.9*4X ) *E 16.9) 

FORMAT ( 'PRINT  X*Y,/  COORDINATES  (Y  OR  N)?-'*A1) 

FORMAT  ('FLT  POINTS  IN  X Y PI  ANE  (Y  OR  N)'?-/»A1) 

FORMAT! 'CHAIN  TO  ANOTHER  SEGMENT  (Y  OR  N)?-'*A1> 
FORMAT ( 'CHAIN  TO  '*A6> 

END 
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C PROGRAM  SEGMFNT  CTS 


mis  pa. ok 
IBOIICQF* 


KB*STai3ttIWPRAC^a 


$ 


1 

C 

n 

C 

3 

C 

4 

C 

5 

C 

6 

C 

7 

C 

8 

C 

9 

C 

10 

C 

1 l 

C 

1? 

c: 

1 3 

14 

IS 

1 6 

l 7 

c 

18 

c 

19 

c 

20 

21 

5 

22 

23 

:*4 

•>*. 

26 

2 ' 

28 

29 

30 

C 

31 

1 4 

32 

S 3 

34 

3*. 

36 

18 

37 

3H 

C 

IV 

20 

40 

41 

42 

43 

44 

22 

45 

25 

46 

4/ 

26 

48 

28 

4V 

10? 

SO 

104 

51 

105 

52 

103 

53 

108 

54 

55 

56 

57 

109 

58 

110 

59 

111 

60 

PROGRAM  SEGMENT  CTS 


THIS  SEGMENT  * CALLED  CTS.  COMPUTES  THE  PERPENDICULAR  DISTANCE 
PROM  THE  CENTER  LINE  OP  A CURVED  SLIT  TO  THE  41  RAYS  IN 
T HP  CZERNY- TURNER  SPOT  DIAGRAM. 

THIS  PROGRAM  IS  CHAINED  TO  PROM  CTS. 

All  DISTANCES  ARE  IN  MILLIMETERS. 


COMMON  XP.YP./P.AK.AI  .AM 

COMMON  Rl  »XMl » YM1 ./Ml .LAI . R2 . XM2 . YM2 . /M2 . E A2.XG.YG.ZG 
COMMON  l.K.Gl  .GM.D.XE'l  T . YPI  F./PI  I .PL TK.PLTL .PLTM.WAVEL 
DIMENSION  XP< 41  ) » Yl  < 4 I ) »ZP<41  > . AM  4 1 > . AL  < 4 1 > » AM  ( 4 1 ) 

CONVERT  X COORDINATES  10  A COORDINATE  SYSTEM  UTIH  AN  X AXIS 
PARAI  LPI  1(1  I HI  IMAGE  PI  ANI  . 

THE  f AXIS  IS  ONI  HANOI  D. 

DO  5 I 1.41 
XP<  I > XT'  < I ) / PL  TM 
RE AD<  I . IO:»)R 
WRITE (1*104) 

RE  AIK  l . I Of#)XC 
XC  XC/PL  TM 
RE  AD ( 1 . 103 )M1 
WRI  TP < 1 .108) 

WRI  TE  ( 1 . 10V) 

IP  (Ml  I 63?)  1 4.20.  I 4 

SLIT  CURVED  AWAY  PROM  GRATING 

CONT  I Nl II 

DO  l H 1 1.41 

XI  XP< 1 ) 

Y 1 = YP< I ) 

PHO  SORT ((XC  R X I )**?PY  I **? ) K 
WRITE ( 1 » 1 10) I .PHO 
GO  TO  25 

SLIT  CURVED  TOWARD  Till  (.RATING 

CONTINUE 

DO  22  11.41 

XIXP(I) 

YI  YE'  ( I ) 

PHO  R SOR I ( ( X I XC  R)**?+YI**?> 

WRI TE ( 1 » 1 1 0) I .PHO 
RE  AIK  1.111)  M:» 

IF (I AH?  M2) 28.26.28 
CAI  l CHA  IN ( 'PL  TMM  ' ) 

STOP 

FORMAT < 'RADIUS  OF  SLIT  CURVE  (ALWAYS  POSI T 1 VE ) » ' »E20 . 9 > 

FORMAT ( 'CHILE  RAY  FROM  ON  AXIS  POINT') 

FORMAT ( 'STRIKES  THE  IMAGE  PLANE  AT  X='.E20.9) 

FORMAT  ('IS  FETE  SLIT  CURVED  TOWARD  THE  GRATING  (Y  OR  N>-*'.A1 
FORMAT (///'RAY  NUMBER  AND  PERPENDICULAR  DISTANCE  FROM  SLIT'/ 

1' CENTER  LINE  TO  RAY  INTERCEPT ' // 

2 ' A PIUS  DISTANCE  MEANS  THE  KAY  IS  ON  THE  GRATING  SIDE  OF  TH~ ' / 
3 'SLIT  CENTER  LINE  AND  VICE  VERSA') 

FORMAT (///'RAY' » ' DISTANCE ' ) 

FORMAT ( I3.E8. 3) 

FORMAT ('PLOT  SPOT  DIAGRAM  ON  IMAGF  PLANE  (Y  OR  N)-?'»A1> 

END 
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I 
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SUBROUTINE  AREA 


SUBROUTINE  AREA 


T.  quality  FRACTICABU 
IBIS  PAGE  is  BBS1  ^ „ 

pbom  copy  furwiswsd  to  ddc  - 


SUBROUTINE  AREA  < R » Nl » N2  * PHO ) 

THIS  SUBROUTINE  DETERMINES  THE  COORDINATES  OF  RAY 
CIRCLES  SO  THAT  THE  AREAS  OF  EACH  ANNULUS  FORMED  BY 
SUCCESSIVE  CIRCLES  ARE  EQUAL. 


R IS  THE  RADIUS  OF  THE  RAY  CIRCLE  WITH  THE  LARGEST 
DIAMETER. 

N1  IS  THE  NUMBER  OF  RAY  CIRCLES  DESIRED. 

N2  IS  THE  NUMBER  OF  RAYS  IN  EACH  CIRCLE 

OUTPUT 

XP»YP  ARE  ARRAYS  WHICH  CONTAIN  THE  X AND  Y COORDINATES 
RESPECTIVELY  OF  THE  (N1*N2+1)  RAYS. 

PHO  CONTAINS  THE  RADII  OF  THE  N1  RAY  CIRCLES 

NO  SUBPROGRAMS  CALLED 

COMMON  XPfYPt ZPfAKtALfAM 

DIMENSION  XP ( 4 1 ) ? YF* ( 4 1 ) »ZF*<  41 ) » AK < 41 ) » AL  ( 4 1 ) » AM ( 41  > 
DIMENSION  PHO < 5 ) 

PHO ( N1 ) - R 
XN1«FL OAT ( N1 ) 

XN2--FLOAT  < N2 ) 

LIME- Nl-  l 
DU  10  I - 1 » L I ME 
X I “F  LOAT ( I ) 

NUT-N 1 - I 

PHO ( NUT ) =SQRT  < (XN1  X] ) /XNl > »PHO< Nl ) 

ANGLE  2. #3. 1 4159265/XN2 
1 DLE-0 

DO  20  I N D 1 - 1 * N I 
THETA  0. 

DO  If.  J X=1  * N2 
IDI.E=IDL  E+l 

XP(  IDLE)  COS  ( THETA  >*PHO(  l'NDl  ) 

YP( IDLE)" SIN ( THETA ) #PHO( IND1 ) 

THETA = THE  T A-f  ANGLE 
CONTINUE 
CON TINUE 
NOT  Nl*N2+l 

xpcnot )~o. 

YP  < NOT ) =0 • 

RETURN 

END 


THIS  PAG*  IS  BEST  QUALITY  FRACTICABLS 

vm  cm  ubhswb  ® ^ 


SUBROUTINE  DC OS 


SUBROUTINE  DCOS 

SUBROUTINE  DCOS ( DK * TU  ,DM,FNO> 

THIS  SUBROUTINE  CONTil TT S THE  DIRECTION  COSINES  OE  41  RAYS 
WHICH  FORM  CONES  EMANATING  FROM  IMF  OBJECT  POINT  AROUND 
THE  CHIEF  RAY  WITH  THb  DIRECTION  COSINES  DK » Dl  * DM . 


DK  v DL  , DM  ARE  THE  DIRECTION  COSINES  OF  THE  CHIEF  RAY. 

FNO  IS  THE  F/NUMBER  OF  I HE  RADIATION  CONE  OF  MAXIMUM  SOLID 
ANGLE. 

OUTPUT 

AK  t Al. » AM  ARE  ARRAYS  WHICH  CONTAIN  THE  DIRECTION  COSINES  OF 
THE  41  RAYS  WITH  RESPECT  TO  THE  X»Y»  AND  / AXES  RESPECTIVELY. 

SUBROUTINES  CALLED 
AREA 
RMAT 
TRNS4 


COMMON  XP,YP,ZP,AK,AL , AM 

DIMENSION  XP  < 41 ) * YF‘  < 4 1 ) , ZF*  < 41 ) * AK  <41)*AL<41),  AM  ( 41 ) 

D I MENS ION  RM < 3 * 3 ) , RM I < 3 , 3 ) » PHO ( 5 ) 

F=500 . 

RR=F/<FN0*2. ) 

Nl=5 

N2=8 

CALL  AREA<RR,N1,N2,PH0> 

COMPUTE  DIRECTION  COSINES  ABOUT  THE  CHIEF  RAY  WITH  DIRECTION 
COSINES  <0*0,1) 

AK  < 4 1 ) =0 . 

AL  <41 >~0. 

AM<  41  ) = 1 . 

1 = 1 

DO  4 J=1 , 5 
A=F’HO  < J ) 

DD=SQRT<A*A+F*F> 

DO  4 12=1,8 
AK  < I ) =-XP  < I ) /DD 
AL  < I > = -YP < I ) /DD 
AM< I )=F/DD 
1 = 1 + 1 
CONTINUE 

IF < ABS < DK ) F ABS < DL  > - 1 .E -14)42,42, A 

CONVERT  DIRECTION  COSINES  TO  FORM  CONES  ABOUT  THE  DESIRED 
CHIEF  RAY. 

DD=SQRT < DM**2+DK**2 ) 

ALPHA=ATAN<  DK/DM) 

BE  T A=AT  AN  < DL /DD ) 

GAMMA-0 . 

CALL  RMAT  < Al  PHA , BE.  T A , GAMMA  * RM , RMI  ) 

DO  10  1=1,41 
DK=AK< I ) 

DL=AL  < I ) 

DM  =AM  < I ) 

CALL  TRNS4  < RMI , DK , DL , DM  ) 

AK  < I > =DK 
AL  < I >=DL 
AM< I )=DM 
RETURN 
END 
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SUBROUTINE  CRAY 


SUBROUTINE  CRAY 


mis  r»os  is  rasi  «MLtn  rncnciM 

yROM  COPY  FURBISHED  TO  DOC  


SUBROUT INF.  CRAY  ( X » Y » Xh  1 f Yhl  » /Ml  fRI  f E A » XG  f YG  f 7G  f GK  f Gl.  f GM  f 
1CK  9 CL  r CM  > 

THIS  SUBROUTINE  COMPUTES  THE  DIRECT  JON  COSINES  OF  THE 
CHIEF  RAY  OF  A POINT  TN  THE  INPUT  PLANE  OF  THE 
CZERNY  TURNER  SPECTROGRAPH. 

THE  CHIEF  RAY  IS  1 HE  RAY  WHICH  STRIKES  THE  GRATING  AT  ITS 
CL  NT  HR  * 

I HI-  ORIGIN  01  T HI  CARTESIAN  COORDINATE  SYSTEM  IS  LOCATED  AT 
THE  CENTER  OF  THE  INPUT  SI  IT  IN  THE  CORRECTED  LOCATION. 


X t Y ARE  THE  COORDINATES  01  I Hr  POINT  TN  THE  INPUT  PLANE. 
* AND  1 MUSI  HI  EOUAI  TO  OR  GREATER  THAN  ZERO. 

XM1  » YM  t »/Ml  ARM  THE  COORDINATES  Of  THE  CENTER  OF  THE 
COLL  IMA  TOR  MIRROR. 

Rl  IS  I HE  RADII  IS  01  CURVATHR)  01  T HI  COLLIMATOR  MIRROR. 
EA  IS  I Elf  I 'Ul  FR  ALPHA  OFT  AXIS  ANGI  F 01  I Hf  COLLIMATOR 
MIRROR  FXPPFSSI  D IN  RADIANS. 

XGfYGf/G  ART  f HI  COi  iRD  I NA  T T S OE  THE  GRATING  CENTER. 

GR*(il  »GM  ARI  Till  DIRECTION  COST  NFS  Of  THT  ORATING  NORMAL 

OUTPUT 

CK-CI  .CM  ARE  I HI  D I Rl  Cl  ION  COSINES  OE  THE  CHE  IF  RAY  FROM 
I HI  POINT  (GOO). 

SUBPROGRAMS  CAI  I I D 
RMA  I 
TRNS  I 
I KNS2 
TRNS3 
I RNS4 
I TSP 
1 T PI 
R'FL 


D 1 Ml  NS I ON  RM < J , A) » RM T ( A f 3 ) 

CK  0. 

CL  *0. 

CM  ~ 1 . 

HE  TA-0 . 

(iAMMA  0. 

/ 0. 

T IRST  ESTIMATE  OF  THE  RF OUTRE  D DIRECTION  COSINES 
DK-O. 

DL*0. 

DM*  1 . 

E= . 0001 
XX=X 
Y Y = Y 
ZZ=Z 

TRANSFORM  TO  COORDINATE  SYSTEM  OF  COLLIMATOR. 

CALL  RMA  T < EA » BETA  f GAMMA » RM » RMI ) 

ITERATE  THE  DIRECTION  COSINES 
DO  50  1=1 f SO 

CALL  TRNSKRMfXXfYYf/ZfXMIfYMIfZMI  ) 

CALI  TRNS2  < RM » DK  f DL  r DM ) 

CALL  I TSP(DKfDLfDMfXXf YYfZZfRI fEfERRfSfPf IQfSKfSLfSM) 
CALL  RF  L ( DK  f DL f DM  f SK  f SL  f SM ) 

TRANSFORM  BACK  TO  ORIGINAL.  COORDINATE  SYSTEM. 

CALL  TRNS3<RMI fXXf YYfZZfXMI fYMI fZMI ) 

CALL  TRNS4(RMI fDKfDLfDM) 

XXX^XX 
YYY* YY 
ZZZ=ZZ 

CALI  ITPL(DKfDL  f DM  fXXfYY  fZZf  XG  f YGf ZG  f GK  f GL fGM) 

IF (XX  XGFYY-YG  -J .E-3)A0fA0f40 
IF (XX-XG-1 .E-3)41f41  f40 
XX  XXX-<XX-XG>/2. 

YY-YYY-<YY  YG>/2. 

17  ZZZ 

CHS  CORK <X-XX>**24<Y  YY)**2 4<Z~ZZ>**2> 

DK  < XX-X  >/DIS 
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7/ 

DL  <YY-Y)/D!S 

78 

DM  <Z/  /)/lHS 

7V 

Civ  DR 

80 

CL  - DL 

81 

CM  l»H 

82 

50 

C0NMNUF. 

83 

60 

UK I TE<  If  208) 

84 

URTTfc< 1 f210)XXr YYt // 

85 

UR  I re ( 1 f 204) 

86 

62 

uk  r n:<  l * 205 ) ck  f cl  t cm 

8/ 

Rf  1 IJRN 

88 

204 

FORMA! C 'DIRECTION  COSINES  OF  CHIEF  RAY'//) 

89 

205 

FORMAT < 'CK= ' »E20.9f 'CL- ' tl 20. 9 r ' CM- ' fF20.9) 

90 

208 

FORMA f ( ' RAY  COORDINATES  AT  GRATING  ) 

91 

210 

FORMA  T < 'X  fF?0.9f  'Y  = ' f E20 . 9 f ' Z*  ' f E20 . 9 ) 

92 

END 
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MAIN  FROGRAM  C/FR 


MAIN  PROGRAM  C/PR 

PROGRAM  H)  OKI  ATE  A HA  I A lllh  RKDO  J C/PR . t»A . CONTAINING  IMF 
C/ERNY  TURNER  PARAMF  TFRS. 

INPUT 

All  INPUT  Will  HI  RFOUtGirn  H i III!  TELETYPE. 

OUTPUT 

OAT A Fill  RKDOJC/fR. HA 


CONTENTS  01  C/PR  , IiA 


PARAMI  TF.RS  01  COM  IMA  TOR  MIRROR 

I OCA  I I ON  I RADIUS  OF  OUKVAIURf. 

I OCA  T T ON  2 * COORD  J NA  T I Of  MlRROf 

l OCA  T I ON  T-Y  0001  DINAH  01  M1RR0I 

I OCA  T ION  4 / COMvIUNAfl  01  M f RR'Of 
I OCA  T TON  » Off  AY  IS  ANSI  I IN  RAD  I 
PARAMF  TFKS  01  CAMERA  MIRROR 

LOCATION  A RADIUS  (II  OURVAIUKI  • 
COCA  T TON  / X COORDINATE  01  MlRROf 

I OCA  T I ON  0 1 COORD  I NA  Tl  III  MlRROf 


MIRROR  CFNTFR. 

MIRROR  Cl  Nil  R. 

MIRROR  CfNflR. 

IN  I- AD  IANS  (fill  I 1C  Al  I 1 1 A ANSI  I ). 


MIRROR  CENTER. 
MIRROR  OF N I f R . 


COORDINATE  01  MIRROR  Of  Nil  R. 


LOCATION  10  Off  AXIS  A NO  I I IN  RADIANS  < I III  f K AIPIIA  ANCLE) 
PARAMI  TFRS  Of  ORA  T I NO 

l OCA  f ION  II  X COORD  I NAT  I 01  ORATING  CfNIER. 

I OCA  T ION  I :*  r COCIRDINATI  Of  ORA  I INC.  CfNIER, 

l OCA  T ION  M / COORD  I NAM  Of  CRAM  NO  MNlfR. 

I 01. A T I ON  14  D 1 RE  ( I I ON  COS  INI  Ul!0  If  If  Cl  TO 

GRATING  NORMAI  . 

LCICA I 1 ON  IS  DIRECTION  COSINE  WITH  R»  SPM.  f 10 
GRATING  NORMAI  . 

I OLA  I ION  1 6 DIRECTION  COSlNf  WITH  RISfICI  10 
GRATING  NORMAI  . 


!4 

C 

LOCAT ION 

1 / 

GRATING  SPA( 

1 Nl.  . 

3‘j 

c. 

PARAMF  IF  RS  OF 

IMACI  PLANE 

36 

( 

1 OCA  I 1 ON 

1 8 

X COORD  INA  II 

OF 

A 

POINT 

ON 

T Elf 

1 MAGE 

PI 

ANI  . 

I ' 

1 

l Ot  AT  ION 

I 9 

Y COORD  1 NATE 

or 

A 

1 MINI 

(IN 

i Fir 

1 MAGE 

PI  ANI  , 

38 

( 

1 OCA T ION 

20 

/ COORDINATE 

or 

f i 

POINT 

(IN 

i mi 

1 MAI. I 

PI 

ANf  . 

99 

c 

1 OCA T ION 

21 

DIKE  (.  r ION  ( OS  1 Nl 

u 1 Til  Rf 

SPI 

i i 

III  X AX  1 ‘ 

i Of  lllf 

IMAGE  PI  ANI  NORMAI  . 

I OCA?  ION  22  D IRC  Lit  .CM) 

WRITE! 1*214) 

WRITE  ( I .i-'OAJX.  Y./.l  RR»  1 0 
l Al  C RE  l ( DK  * Dl  » DM » UK  r SI  »SM> 

CALI  r RNS.5  ( KM  I » X » Y » / » XM2 » Yh  ’»  /M.’> 

( Al  I TRNS4  < RM I . DK » Dl  r DM  ) 

WRITE  < 1 ..’<>/) 

WR  J TF(  1.  »IO)X.  Y.  / 

CALL  ITPI  (DK.Til  fDMfXfYt/fXH  I , YPI  I • /PI  T * PI  IK.Pl  II  .PI  Th) 
WRIT!  < 1 f 21  S) 

WRITF  < I f2IO)X*Y*/ 

STOP 

E (IRMA  T ( ' THf  UAI  III  Of  /Ml  »f  .»<)./> 

FORMAT  < ' COORD  INAff  S Of  OH  III  I COIN  I IN  I III  (Oil  IMA  I OR  LENS 
1 SYSTE  M'  ) 


fXPI  I » YPl  I ./PI  I .PI  IR.PI  II 


FORMAT'  HE  ' . E?0 . 9*  ' Dl  .l.’O.V.'DM  '.120,9) 
f (IRMA  T < ' X SK'O.V.'Y  ' .120,9.*/  ' • KM) . V/  ' ERR  SE?0,9» 

1 ' 1 0 • ' . l .1 ) 

FORMAT!  'KAY  ( OORD  I NA  I f S IN  OKI  0 I NAI  SYSTEM*' 

FORMAT!  'RAY  COORDINAIfS  A I GRAM  NO  ) 
f ORMAM  'DIM  RAC  T ION'  ) 

FORMAT !' X ' »f 20. V. ' Y '.F  ’O.V.  '/  ’E20.V) 

FORMAT  ( 'DfKrC  ! ION  COS  I HI  S IN  TUT  MIL  I I MAI  OR  I I NS  SYSTEM* 
FORMAT!  RAY  COORD  I NAT  IS  IN  COM  I MAI OR  SYSTEM'  ) 

FORMAT!  'DK  '.F?0,V.'LM  '.F20.V,  DM  '.».*<),  9/ 

I ERR  ' »f  20. V.  ' 10  .IT) 

F ORMAT  ! ' RAY  COORDINATES  IN  CAMERA  SYSTEM  ) 

FORMAT! 'RAY  COORDINATES  Al  MASK  PI  ANI  ') 

F ND 


TN  UR  Mil  NAI 
A I CRATING 


IN  CAMERA  SYS  IT  M 
A I MASK  PI  ANI  ' ) 
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Basic  programs  to  recover  the 
spectrum  from  the  measure  - 
rcents  of  a Hadamard 
spect  rometer 


c 

SUBROUTINE  HSPEC<NP<XM< S> 


SUBROUTINE  TO  COMPUTE  THE  SPECTRUM  PROM  THE  MEASUREMENTS 
OP  A HADAMARD  SPECTROMETER  WITH  A SHI  PT  LEPT  CODE. 

THE  SUBROUTINE  USES  A PAST  HADAMARD  TECHN1 OUE. 


) 

| 

» 

1 


INPUT 

NP  IS  THE  NIMBER.  OP  MEASUREMENTS  AND  SPECTRAL  COMPONENTS. 

NP  MAY  BE  T.  15.31.  A3<1B1<BSS<  St  I 

XM  IS  A VECTOR  CONTAININO  THE  NP  MEASUREMENTS. 


OUTPUT 

S IS  A VECTOR  CONTAININO  THE  NP  SPECTRAL  COMPONENTS. 


i 


LOAD 

PHT 

/I  OPTION 


DATA  ARRAYS 

RXB0 1 L I . DA  AND  RKB0IL2.  DA  MUST  BE  CREATED  PREVIOUSLY  BY 
RUNNING  PROGRAM  PI  POR  THE  VALUE  OF  NP  USED  IN  THIS 
SUBROUTINE. 


DIMENSION  XM<  512)<S<SI2)<L(5t2) 

C PERMUTE  THE  MEASUREMENT  VECTOR  ! 

CALL  IOPENC  *RKBO*<  'Ll  *>  { 

READ<4<  IlIXLItiai  1.512) 

E IB  FORMAT!  5 1 2A2) 

S< !)•■• 

N-NP.I 

DO  2B  I-2.N  j 

IND-L(I) 

20  S<I)-XM<IND> 

CALL  FMTCN.S.XM) 

C PERMUTE  THE  PHT  OUTPUT  VECTOR  TO  GET  THE  SPECTRUM 

CALL  IOPEN< 'RKB0’<  *L2'> 

READ<4.  1 !■>  CL<  I ><  I-  1.  SI  2> 

DI  ■- PLO  ATCN  )/ 2.  c 

DO  30  I*I.MP 

1ND-L<I>  l 

30  SCI  )"XM<  INDI/DI 

RETURN 
END 
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SUBROUTINE  IHT 


SUHROlllINI  I H f 


tni  «®  “JS®  » »<> 

I now  cop*  fuknishbu  1 


SUKklJIII  INI  I HI  <Nrt  >1  f> 

SUDNUUriM  It)  I AM  I AM  IIAHAMAKli  Ik'ANSFOKM 
T 

N IS  lilt  SI/I  III  I HI  I HI  ’ll  I HAIA  AHHAY. 


10 

c 

OAI 

in  Akk-nr  si /i  s Aki  it.  ia>.i:'>64>  i/h./sa.m  •. 

1 1 

1 2 

c 

r 

1 IS  lilt  HAIA  AKh'AV  III  HI  IK'ANSI  (IK'MI  II. 

li 

€ 

OUTPUT 

1 4 

C 

N 1 1 

!i  UNCHANfil  Ii 

15 

C 

FF-  1 

CUN  r A 1 NS  III!  IIARAMARD  IRANSIORM  ARRAY. 

1 a 

c 

1 7 

c 

1 H 

R1MFNS1UN  f <51  2)  .1  1 ' ( ' » 1 2) 

1 9 

S 

Cl  A 

CLl 

:»o 

8 

DC  A 

K /FUT  71  RO  1 N K 

^ i 

s 

TAD 

l \ N 

22 

s 

111. 

CLl 

/Dl  TIRMINI  K SUCH  THAN  N 2**l\ 

23 

s 

RAR 

l1 4 

s 

1 NC 
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Attn:  Code  WA501  Navy  Nuc  Prgms 

Commander 

Commander  ASD 

Naval  Surface  Weapons  Center  WPAFB,  OH  45433 

White  Oaks,  Silver  Spring  MD  20910  Attn:  ASD-YH-EX 
Attn:  Technical  Library  Lt  Col  Robert  Leverette 


Commande r 

Naval  Intelligence  Support  Center 
4 301  Suit  land  Rd . Bldg  5 
Washington,  DC  20390 
Attn:  Document  Control 

AF  Geophysics  Laboratory,  AFSC 

Hanscom  AFB,  MA  01731 

Attn:  LKB  Kenneth  S W Champion 

AF  Geophysics  Laboratory,  AFSC 
Hanscom  AFB,  MA  017.31 
Attn:  OPR  Alva  T.  Stair 

(5  copies) 

AF  Geophysics  Laboratory,  AFSC 
Hanscom  AFB,  MA  01731 
Attn:  Opr  J.  Ulwick 

AF  Geophysics  Laboratory,  AFSC 
Hanscom  AFB,  MA  01731 
Attn:  OPR  R.  Murphy 

AF  Geophysics  Laboratory,  AFSC 
Hanscom  AFB,  MA  01731 
Attn:  OPR  J.  Kennealy 

AF  Geophysics  Laboratory,  AFSC 
Hanscom  AFB  , MA  01731 
Attn:  PHG  J.C.  McClay 

AF  Geophysics  Laboratory,  AFSC 
Hanscom  AFB,  MA  01731 
Attn:  LKD  Rosco  Narcisi 

AF  Geophysics  Laboratory,  AFSC 
Hanscom  AFB,  MA  01731 
Attn:  LKO  R.  Huffman 


SAMSO/AW 
P.O.  Box  92960 
Worldway  Postal  Center 
Los  Angeles,  CA  90009 
Attn:  SZJ  Major  L.  Doan 

SAMSO/SW 
P.O.  Box  92960 
Worldway  Postal  Center 
Los  Angeles,  CA  90009 
Attn : AW 

AFTAC 

Patric  AFB,  FL  32925 
Attn:  Tech  Library 

AFTAC 

Patric  AFB,  FL  32925 
Attn:  TD 

HQ  Air  Force  Systems  Command 
Andrews  AFB 
Washington,  DC  20331 
Attn:  DLS 

HQ  Air  Force  Systems  Command 
Andrews  AFB 
Washington,  DC  20331 
Attn:  Tech  Library 

HQ  Air  Force  Systems  Command 
Andrews  AFB 
Washington,  DC  20331 
Attn:  OLCAE 

HQ  Air  Force  Systems  Command 
Andrews  AFB 
Washington,  DC  20331 
Attn:  DLTW 
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HQ  Air  Force  Systems  Command 
Andrews  AFB 
Washington,  DC  20331 
Attn:  DLXP 

IIQ  Air  Force  Systems  Command 
Andrews  AFB 
Washington,  DC  20331 
Attn:  SDR 

HQ  USAF/RD 
Washington,  DC  20330 
Attn:  RDQ 

Commander 

Rome  Air  Development  Center 
Criffiss  AFB,  NY  13440 
Attn:  J.J.  Simons  OCSC 

Div.  of  Military  Application 
HS  Fnergy  Rsch  Dev  Admin 
Washington,  DC  20545 
Attn:  DOC  CON 

Los  Alamos  Scientific  Lab 

P.O.  Box  1663 

Los  Alamos,  NM  87545 

Attn:  DOC  CON  R.A.  Jeffries 


Los  Alamos  Scientific  Lab 
P.O.  Box  1663 
Los  Alamos,  NM  87545 
Attn:  DOC  CON  Win  Maier 

Los  Alamos  Scientific  Lab 
P.O.  Box  1663 
Los  Alamos,  NM  87545 
Attn:  DOC  CON  John  Zinn 

Los  Alamos  Scientific  Lab 

P.O.  Box  1663 

Los  Alamos,  NM  87545 

Attn:  DOC  CON  Reference  Lib. 

Ann  Beyer 

Sand i a Laboratories 

Livermore  Laboratory 

P.O.  Box  965 

Livermore,  CA  94556 

Attn:  DOC  CON  T.  Cook  ORG 

8007 

Sandia  Laboratories 
P.O.  Box  5800 
Alburquerque  , NM  87115 
Attn:  DOC  CON 

W.D.  Brown  ORG  1353 


Los  Alamos  Scientific  Lab 

P.O.  Box  1663 

Los  Alamos,  NM  87545 

Attn:  DOC  CON  CR  Mehl  ORG  5230 

Los  Alamos  Scientific  Lab 
P.O.  Box  1663 
Los  Alamos,  NM  87545 
Attn:  DOC  CON  H.V.  Argo 

Los  Alamos  Scientific  Lab 

P.O.  Box  1663 

Los  Alamos,  NM  87545 

Attn:  DOC  CON  M.  Tierney  J-10 

Los  Alamos  Scientific  Lab 

P.O.  Box  1663 

Los  Alamos,  NM  87545 

Attn:  DOC  CON  Robert  Brownlee 


Sandia  Laboratories 
P.O.  Box  5800 
Albuquerque,  NM  87115 
Attn:  DOC  CON 

L.  Anderson  ORG  1247 

Sandia  Laboratories 
P.O.  Box  5800 
Albuquerque,  NM  87115 
Attn:  DOC  CON 

Morgan  Kramma  ORG  5720 

Sandia  Laboratories 
P.O.  Box  5800 
Albuquerque,  NM  87115 
Attn:  DOC  CON 

Frank  Hudson  ORG  1722 
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Sandia  Laboratories 
P.0.  Box  5800 
Albuquerque,  NM  87115 
Attn:  DOC  CON  ORC.  34  2 2 

Sandia  Repts  Coll. 

Argonne  National  Laboratory 

Records  Control 

9700  South  Cass  Avenue 

Argonne,  IL  60439 

Attn:  DOC  CON  D.  W.  Creen 

Argonne  National  Laboratory 

Records  Control 

9700  South  Cass  Avenue 

Argonne,  IL  60439 

Attn:  DOC  CON 

LIR  SVCS  RPTS  SEC 

Argonne  National  Laboratory 

Records  Control 

9700  South  Cass  Avenue 

Argonne,  IL  60439 

Attn:  DOC  CON  S.  Garelnick 

Argonne  National  Laboratory 

Records  Control 

9700  South  Cass  Avenue 

Argonne,  IL  60439 

Attn:  DOC  CON  G.T.  Reedy 

University  of  California 
Lawrence  Livermore  Laboratory 
P.0.  Box  808 
Livermore,  CA  94550 
Attn:  W.H.  Duewer  Gen  L-404 

University  of  California 
Lawrence  Livermore  Laboratory 
P.O.  Box  808 
Livermore,  CA  94550 
Attn:  Julius  Chang  L-71 

University  of  California 
Lawrence  Livermore  Laboratory 
P.O.  Box  808 
Livermore,  CA  94550 
Attn:  G.P.  Haugen  L-404 


University  of  California 
Lawrence  Livermore  Laboratory 
P.O.  Box  808 
Livermore,  CA  94550 
Attn:  D.J.  Wue rales  L - 142 

California,  State  of 
Air  Resource  Board 
9528  Telsia  Avenue 
A 1 Monte,  CA  91731 
Attn:  Leo  Zafonte 

Calif.  Institute  of  Technology 
.Jet  Propulsion  Laboratory 
4800  Oak  Grove  Drive 
Pasadena,  CA  91103 
Attn:  Joseph  A.  Jello 

US  Energy  Rsch  f,  Dev  Admin 
Div.  of  Headquarters  Services 
Library  Branch  G-043 
Washington,  DC  20545 
Attn:  DOC  CON  Class  Tech  Lib 

Department  of  Transportation 
Office  of  the  Secretary 
TAD  44.  1,  Room  10402- B 
400  7th  Street  S.W. 

Washington,  DC  20590 
Attn:  Samuel  C.  Coroniti 

NASA 

Goddard  Space  Flight  Center 
Grecnbelt,  MI)  20771 
Attn:  A.  C.  Aiken 

NASA 

Goddard  Space  Flight  Center 
Grecnbelt,  Ml)  20771 
Attn:  A.  Tempkin 

NASA 

Goddard  Space  Flight  Center 
Greenbelt,  MD  20771 
Attn:  A.  J.  Bauer 

NASA 

Goddard  Space  Flight  Center 
Greenbelt,  MD  20771 
Attn:  Technical  Library 
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NASA 

Goddard  Space  Might  Center 
Greenbelt,  Ml)  20771 
Attn : J.  Si ry 

NASA 

600  Independence  Avenue  S.W. 
Washington,  DC  20545 
Attn:  A.  Gessow 

NASA 

600  Independence  Avenue  S.W. 
Washington,  DC  20546 
Attn:  D.P.  Cauffman 

NASA 

600  Independence  Avenue  S.W. 
Washington,  DC  20546 
Attn:  Lt  Col  D.R.  Hallenbeck 

Code  SG 

NASA 

600  Independence  Avenue  S.W. 
Washington,  DC  20545 
Attn:  R.  Fellows 

NASA 

600  Independence  Avenue  S.W. 
Washington,  DC  20546 
Attn:  A.  Schardt 

NASA 

600  Independence  Avenue  S.W. 
Washington,  DC  20546 
Attn:  M.  Tepper 

NASA 

Langley  Research  Center 

Langley  Station 

Hampton,  VA  23365 

Attn:  C.  Schexnayder  MS-168 

NASA 

Ames  Research  Center 
Moffett  Field,  CA  90435 
Attn:  N-25404  W.  L.  Starr 

NASA 

Ames  Research  Center 
Moffett  Field,  CA  94035 
Attn:  N-254-4  R.  Whitten 


NASA 

Ames  Research  Center 
Moffett  Field,  CA  94035 
Attn:  N-254-4  I.G.  Poppofl 

NASA 

Ames  Research  Centex 
Moffett  Field,  CA  94035 
Attn:  N-254-  3 N.H.  Farlov. 

NASA 

George  C.  Marshall  Space  Fit 
Center 

Huntsville,  AL  35812 
Attn:  C.  R.  Balcher 

NASA 

George  C.  Marshall  Space  Fit 
Center 

Huntsville,  AL  35812 
Attn:  N.  H.  Stone 

NASA 

George  C.  Marshall  Space  Fit 
Center 

Huntsville,  AL  35812 
Attn:  W.  A.  Oran 

NASA 

George  C.  Marshall  Space  Fit 
Center 

Huntsville,  AL  35812 
Attn:  Code  ES22  John  Watts 

NASA 

George  C.  Marshall  Space  Fit 
Center 

Huntsville,  AL  35812 
Attn:  W.  T.  Roberts 

NASA 

George  C.  Marshall  Space  Fit 
Center 

Huntsville,  AL  35812 
Attn:  R.  D.  Hudson 

NASA 

George  C.  Marshall  Space  Fit 
Center 

Huntsville,  AL  35812 
Attn:  R.  Chappell 
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Albany  Metallurgy  Research  Ctr. 

US  Bureau  of  Mines 

P.0.  Box  70 

Albany,  OR  97321 

Attn:  lileanor  Abshire 

Central  Intelligence  Agency 
RD/S  I RM  504  8 HQ  Building 
Washington,  DC  20505 
Attn:  N!:D/0SI -204  8 I IQS 

Department  of  Commerce 
National  Bureau  of  Standards 
Washington,  DC  20234 
Attn:  Sec  Officer  .James  Devoe 

Department  of  Commerce 
National  Bureau  of  Standards 
Washington,  DC  20234 
Attn:  Sec  Officer  S.  Abramowit 

Department  of  Commerce 
National  Bureau  of  Standards 
Washington,  DC  20234 
Attn:  Sec  Officer  J Cooper 

Department  of  Commerce 
National  Bureau  of  Standards 
Washington,  DC  20234 
Attn:  Sec  Officer  C.A.  Sinnatt 

Department  of  Commerce 
National  Bureau  of  Standards 
Washington,  PC  20234 
Attn:  Sec  Officer  K Kessler 

Department  of  Commerce 
National  Bureau  of  Standards 
Washington,  DC  20234 
Attn:  Sec  Officer  M.  Krauss 

Department  of  Commerce 
National  Bureau  of  Standards 
Washington,  DC  20234 
Attn:  Sec  Officer  L.  Cevantman 


Nat'l  Oceanic  f,  Atmospheric 
Ad m i n i s t ra t ion 
environmental  Research  l,ab 
Department  of  Commerce 
Boulder,  CO  80302 
Attn:  Ceorge  C.  Reid 

Aeronomy  hah 

Nat'l  Oceanic  l]  Atmospheric 
Ailm  i n i s t ra  t ion 
environmental  Research  hah 
Department  of  Commerce 
Boulder,  CO  80302 
Attn:  Hldon  Ferguson 

Nat'l  Oceanic  fi  Atmospheric 
Adm i n i s t ra  t i on 
environmental  Research  hah 
Department  of  Commerce 
Boulder,  CO  80302 
Attn:  bred  Fehsenfeld 

Aero-Chein  Resell  hah,  Inc. 
P.O.  Box  12 
Princeton,  N.J  08540 
Attn : A . Pont  i jn 

Aero-Chem  Rcsch  hah,  Inc. 
P.O.  Box  12 
Princeton,  N.J  08540 
Attn:  H.  Pergament 

Aerodyne  Research,  Inc. 
Bedford  Research  Park 
Crosby  Drive 
Bedford,  MA  01730 
Attn:  F . Bien 

Aerodyne  Research,  Inc. 
Bedford  Research  Park 
Crosby  Drive 
Bedford,  MA  01730 
Attn:  M.  Camac 

Aeronomy  Corporation 
217  S.  Neil  Street 
Champaign,  lh  61828 
Attn : A.  Bowhil  1 
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Aerospace  Corporation 

P.0.  Box  929S7 

Los  Angeles,  CA  90009 

Attn:  N.  Cohen 

Aerospace  Corporation 

P.O.  Box  92957 

Los  Angeles,  CA  90009 

Attn:  R.  D.  Rawcliffe 

Aerospace  Corporation 

P.O.  Box  92957 

Los  Angeles,  CA  90009 

Attn:  Harris  Mayer 

Avco-Everett  Research  Lab,  Tnc 
2385  Revere  Beach  Paneway 
Everett,  MA  02149 

Attn:  Technical  Lib/arv 

Aerospace  Corporation 

P.O.  Box  92957 

Los  Angeles,  CA  90009 

Attn:  Sidney  W.  Kash 

Avco-Everett  Research  Lab,  Inc 
2385  Revere  Beach  Parkway 
Everett  , MA  02149 

Attn:  George  Sutton 

Aerospace  Corporation 

P.O.  Box  92957 

Los  Angeles,  CA  90009 

Attn:  T.  Widhoph 

Battel le  Memorial  Institute 

505  King  Avenue 

Columbus,  OH  43201 

Attn:  Donald  J.  Hamman 

Aerospace  Corporation 

P.O.  Box  92957 

Los  Angeles,  CA  90009 

Attn:  R.  J.  McNeal 

Battelle  Memorial  Institute 

505  King  Avenue 

Columbus,  OH  43201 

Attn : Donald  J . Ham 

Aerospace  Corporation 

P.O.  Box  92957 

Los  Angeles,  CA  90009 

Attn : R . Grove 

Battelle  Memorial  Institute 

505  King  Avenue 

Columbus,  OH  43201 

Attn:  STOIAC 

Aerospace  Corporation 

P.O.  Box  92957 

Los  Angeles,  CA  90009 

Attn:  Irving  M.  Garfunkel 

Battelle  Memorial  Institute 

505  King  Avenue 

Columbus,  OH  43201 

Attn:  Richard  K.  Thatcher 

Aerospace  Corporation 

P.O.  Box  92957 

Los  Angeles,  CA  90009 

Attn:  Thomas  I).  Taylor 

Brown  Engineering  Co.,  Inc. 
Cummings  Research  Park 
Huntsville,  AL  35807 

Attn:  N.  Passino 

Aerospace  Corporation 

P.O.  Box  92957 

Los  Angeles,  CA  90009 

Attn:  V.  Josephson 

The  Trustees  of  Boston  College 
Chestnut  Hill  Campus 

Chestnut  Hill,  MA  02167 

Attn:  Chairman  Dept,  of  Chem. 

Aerospace  Corporation 

P.O.  Box  92957 

Los  Angeles,  CA  90009 

Attn:  Julian  Reinheimer 

Brown  Engineering  Co.,  Inc. 
Cummings  Research  Park 
Huntsville,  AL  35807 

Attn:  Ronald  Patrick 
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California  at  Riverside,  Univ. 
Riverside,  CA  92502 
Attn:  Alan  C.  Lloyd 

California  at  Riverside,  Univ. 

Riverside,  CA  92502 

Attn:  .James  N.  Pitts,  Jr. 

California  at  San  Diego,  Univ. 
317  5 Miramar  Road 
La  Jolla,  CA  92037 
Attn:  S . C . Lin 

California  University  of 
Berkeley  Campus  Room  318 
Sp  rou 1 Hall 
Berkeley,  CA  94720 
Attn:  Sec  Officer  for 

Harold  Johnston 

California  University  of 

Berkeley  Campus  Room  318 

Sproul  Hall 

Berkeley,  CA  94720 

Attn:  Sec  Officer  for  f< . Mozcr 

California  University  of 

Berkeley  Campus  Room  318 

Sproul  Hall 

Berkeley,  CA  94720 

Attn:  Sec  Officer  for  Dept  of 

Chein  . W . H . Miller 

California,  State  of 
Air  Resources  Board 
9528  Telstar  Avenue 
FI  Monte,  CA  91731 
Attn:  Leo  Zafonte 

Calspan  Corporation 
P.0.  Box  235 
Buffalo,  NY  14221 
Attn:  C.  E.  Treanor 

Calspan  Corporation 
P.O.  Box  235 
Buffalo,  NY  14221 
Attn:  G.  C.  Valley 


of  Calspan  Corporation 
P.O.  Box  235 
Buffalo,  NY  14221 
Attn:  M.  G.  Dunn 

of 

Calspan  Corporation 
P.O.  Box  235 
Buffalo,  NY  14221 
of  Attn:  W.  Wurster 

Colorado,  University  of 
Office. of  Contracts  5 Grants 
380  Administrative  Annex 
Boulder,  CO.  80302 
Attn:  A.  Phelps  J I LA 

Colorado,  University  of 
Office  of  Contracts  f,  Grants 
380  Administrative  Annex 
Boulder  , CO  80  30  2 
Attn:  Jeffrey  B.  Pearce  LASP 

Colorado,  University  of 
Office  of  Contracts  S Grants 
380  Administrative  Annex 
Boulder,  CO  803032 
Attn:  C . Beaty  J I LA 

Colorado,  University  of 
Office  of  Contracts  5 Grants 
380  Administrative  Annex 
Boulder,  CO  80302 
Attn:  C . Linehcrger  JILA 

Colorado,  University  of 
Office  of  Contracts  5 Grants 
380  Administrative  Annex 
Boulder,  CO  80302 
Attn:  C.  A.  Barth  LASP 

Columbia  University,  Trustees 
City  of  New  York 
La  Mont  Doherty  Geological 
Ohse rva tory - To rrey  Cliff 
Palisades,  NY  19064 
Attn:  B.  Phelan 


Columbia  University,  Trustees 
City  of  New  York 
116th  Street  8 Broadway 
New  York,  NY  10027 
Attn:  Richard  N.  Zare 

Columbia  University,  Trustees 

City  of  New  York 

116th  ^ Broadway 

New  York,  NY  10027 

Attn:  Sec  Officer  H.M.  Foley 

Concord  Sciences 
P.O.  Box  113 
Concord,  MA  01742 
Attn:  Emmett  A.  Sutton 

Denver,  University  of 

Colorado  Seminary 

Denver  Research  Institute 

P.O.  Box  10127 

Denver,  CO  80210 

Attn:  Sec.  Officer  for  Van  Zyl 

Denver,  University  of 
Colorado  Seminary 
Denver  Research  Institute 
P.O.  Box  10127 
Denver,  CO  80210 

Attn:  Sec  Officer  for  D.  Murcray 

General  Electric  Company 
Tempo-Center  for  Advanced  Studies 
816  State  Street  (P.O.  Drawer  QO) 
Santa  Barbara,  CA  93102 
Attn:  DASAIC 

General  Electric  Company 
Tempo-Center  for  Advanced  Studies 
816  State  Street  (PO  Drawer  QO) 
Santa  Barbara,  CA  93102 
Attri:  Warren  S.  Knapp 

General  Electric  Company 
Tempo-Center  for  Advanced  Studies 
816  State  Street  ( PO  Drawer  go) 
Santa  Barbara,  CA  93102 
Attn:  Tim  Stephens 


General  Electric  Company 
Tempo -Center  for  Advanced  St 
816  State  St.  i PO  Drawer  QO) 
Santa  Barbara,  CA  93102 
Attn:  Don  Chandler 

General  Electric  Company 
Tempo-Center  for  Advanced  St 
816  State  St.  f PO  Drawer  QO) 
Santa  Barbara,  CA  93102 
Attn:  B.  Cambill 

General  Elec.  Co.  Space  f)iv. 
Valley  Forge  Space  Center 
Goddard  Blvd. 

King  of  Prussia 
P.O.  Box  8555 
Philadelphia,  PA  19101 
Attn:  M.  H.  Bortner 

Space  Science  Lab 

General  Elec.  Co.  Space  Div. 
Valley  Forge  Space  Center 
Goddard  Blvd. King  of  Prussia 
P.O.  Box  8555 
Philadelphia,  PA  19101 
Attn:  J.  Burns 

General  Elec.  Co.  Space  Div. 
Valley  Forge  Space  Center 
Goddard  Blvd. King  of  Prussia 
P.O.  Box  8555 
Philadelphia,  PA  19101 
Attn : F.  Alyea 

General  Elec.  Co.  Space  Div. 
Valley  Forge  Space  Center 
Goddard  Blvd. King  of  Prussia 
P.O.  Box  8555 
Philadelphia,  PA  19101 
Attn:  P.  Z.  Sands 

General  Elec.  Co.  Space  Div. 
Valley  Forge  Space  Center 
Goddard  Rlvd.King  of  Prussia 
P.O.  Box  8555 
Philadelphia,  PA  19101 
Attn:  R.  H.  F.dsall 
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General  Hlec.  Co.  Space  Div. 
Valley  Forge  Space  Center 
Goddard  Blvd.King  of  Prussia 
P.0.  Box  8555 
Philadelphia,  PA  19101 
Attn:  T.  Baurer 

General  Research  Corporation 
P.0.  Box  5587 
Santa  Barbara,  CA  95105 
Attn:  .John  lse,  Jr. 

Geophysical  Institute 
University  of  Alaska 
Fairbanks,  AK  99701 
Attn:  I).  Henderson 

Geophysical  Institute 
University  of  Alaska 
Fairbanks,  AK  99701 
Attn:  J.  S.  Wagner  Physics  Dept. 

Geophysical  Institute 
University  of  Alaska 
Fairbanks,  AK  99701 
Attn:  B . J . Watkins 

Geophysical  Institute 
University  of  Alaska 
Fairbanks,  AK  99701 
Attn:  T . N . Davis 

Geophysical  Institute 
University  of  Alaska 
Fairbanks,  AK  99701 
Attn:  R.  Parthasarathy 

Geophysical  Institute 
University  of  Alaska 
Fairbanks,  AK  99701 
Attn:  Neal  Brown 

Lowell,  University  of 

Center  for  Atmospheric  Research 

4 50  A i ken  St  reet 

Lowell,  MA  01854 

Attn:  G.  T.  Best 


Lockheed  Missiles  8 Space  Co. 
5251  Hanover  Street 
Palo  Alto,  CA  94504 
Attn:  John  Kumer  Dept  52-54 

Lockheed  Missiles  5 Space  Co. 
5251  Hanover  Street 
Palo  Alto,  CA  94504 
Attn:  John  Cladis  Dept  52-12 

Lockheed  Missiles  8 Space  Co. 
5251  Hanover  Street 
Palo  Alto,  CA  94504 
Attn:  B.  McCormac  Dept  52-54 

Lockheed  Missiles  8 Space  Co. 
5251  Hanover  Street 
Palo  Alto,  CA  94504 
Attn:  T.  James  Dept  52-54 

Lockheed  Missiles  5 Space  Co. 
5251  Hanover  Street 
Palo  Alto,  CA  94504 
Attn:  B.  Reagan  Dept  52-12 

Lockheed  Missiles  5 Space  Co. 
5251  Hanover  Street 
Palo  Alto,  CA  94504 
Attn:  M.  Walt  Dept  52-10 

Lockheed  Missiles  8 Space  Co. 
5251  Hanover  Street 
Palo  Alto,  CA  94504 
Attn:  R.  Johnson  Dept  52-12 

Lockheed  Missiles  8 Space  Co. 
5251  Hanover  Street 
Palo  Alto,  CA  94504 
Attn:  R.  Sears  Dept  52-14 
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